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THE NINETEENTH ANNUAL MEETING OF THE 
AMERICAN MATHEMATICAL SOCIETY. 


Tue Society this year took advantage of the favorable 
opportunity afforded by the meeting of the American Associ- 
ation for the Advancement of Science at Cleveland to hold its 
annual meeting at that central point and to consolidate with 
it the usual winter meeting of the Chicago Section. Such 
occasions are always enjoyable and contribute greatly to 
solidify the common interests of the entire Society. 
members recall with pleasure the April meeting held at Chicago 
in 1911, and the long series of summer meetings and colloquia 
which bring together mathematicians from all parts of the 
country in united fellowship. 

The time chosen for the annual meeting was Tuesday to 
Thursday, December 31 to January 2. Tuesday afternoon 
was set apart for a joint meeting with Sections A and B of 
the Association, the Astronomical and Astrophysical Society 
of America, and the American Physical Society. Separate 
sessions of the Mathematical Society were held on Tuesday 
morning, Wednesday morning and afternoon, and Thursday 
morning. The attendance included the following sixty-two 
members: 

Professor O. P. Akers, Professor R. B. Allen, Professor 
Frederick Anderegg, Professor C. S. Atchison, Professor 
Clara L. Bacon, Professor W. W. Beman, Professor G. A. 
Bliss, Professor J. W. Bradshaw, Professor E. W. Brown, 
Professor W. H. Butts, Professor W. deW. Cairns, Professor 
F. N. Cole, Professor J. L. Coolidge, Professor D. R. Curtiss, 
Professor E. W. Davis, Professor L. E. Dickson, Professor 
H. T. Eddy, Professor J. A. Eiesland, Professor Arnold Emch, 
Professor G. C. Evans, Professor F. C. Ferry, Professor Peter 
Field, Professor J. C. Fields, Professor T. M. Focke, Professor 
W. B. Ford, Mr. Meyer Gaba, Professor W. A. Garrison, Mr. 
C. E. Githens, Professor M. E. Graber, Professor A. G. Hall, 
Professor Harris Hancock, Professor E. R. Hedrick, Dr. L. I 
Hewes, Professor L. S. Hulburt, Dr. W. A. Hurwitz, Professor 
A. M. Kenyon, Professor H. W. Kuhn, Dr. Joseph Lipke, 
Dr. Alexander Macfarlane, Dr. H. F. MacNeish, Professor 
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W. H. Metzler, Professor G. A. Miller, Professor C. L. E. 
Moore, Professor C. N. Moore, Professor E. H. Moore, 
Professor Anna H. Palmié, Dr. H. B. Phillips, Professor S. E. 
Rasor, Professor H. L. Rietz, Professor W. J. Risley, Miss 
I. M. Schottenfels, Professor J. B. Shaw, Professor S. E. 
Slocum, Professor E. R. Smith, Professor K. D. Swartzel, 
Professor E. J. Townsend, Professor J. N. Van der Vries, 
Professor E. B. Van Vleck, Professor J. K. Whittemore, 
Professor E. J. Wilezynski, Dr. R. M. Winger, Professor J. W. 
Young. 

The chair was occupied in succession by Professors E. W. 
Davis, E. H. Moore, G. A. Bliss, and after the annual election 
by the President-elect, Professor E. B. Van Vleck. The 
Council announced the election of the following persons to 
membership in the Society: Dr. E. W. Chittenden, University 
of Illinois; Mr. C. S. Cox, High School, Mulberry, Fla.; 
Dr. S. D. Killam, University of Rochester; Dr. J. T. Rorer, 
William Penn High School, Philadelphia, Pa.; Dr. R. M. 
Winger, University of Illinois. Sixteen applications for 
membership in the Society were received. 

Sixty members and friends attended the annual dinner on 
Tuesday evening. A very informal dinner and smoker was 
also arranged for Wednesday evening. A vote of thanks was 
tendered to the local committee and the institutions repre- 
sented by them for their generous hospitality. 

The reports of the Treasurer, Auditing Committee, and 
Librarian have appeared in the Annual Register. The 
membership of the Society is now 681, including 64 life 
members. The total attendance of members at all meetings 
of the past year was 336; the number of papers presented 
was 179. At the annual election 216 votes were cast. The 
Society’s library now contains 4,560 volumes, excluding 
unbound dissertations. Much of this considerable increase is 
due to gifts by Dr. Emory McClintock and Dr. G. W. Hill, 
Ex-Presidents of the Society, of several hundred valuable 
volumes. The Treasurer’s report shows a balance of $9684.92, 
including a life membership fund of $4483.69. The income 
from sales of the Society’s publications during the year was 
$1730.94. 

At the annual election, which closed on Thursday morning, 
the following officers and other members of the Council were 
chosen: 
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President, Professor E. B. VAN VLECK. 


Vice-Presidents, Professor M. W. HasKEL1, 
Professor B. O. PErrce. 


Secretary, Professor F. N. 
Treasurer, Professor J. H. TANNER. 
Librarian, Professor D. E. 


Committee of Publication, 
Professor F. N. Coie, 
Professor E. W. Brown, 
Professor VIRGIL SNYDER. 


Members of the Council to serve until December, 1915, 


Professor F. C. Ferry, President R. C. MacLaurin, 
Professor W. B. Forp, Professor JacoB WESTLUND. 


The following papers were read at the joint session on 
Tuesday: 

Professor E. B. Frost; Vice-presidential address, Section A: 
“The spectroscopic determination of stellar velocities, con- 
sidered practically.” 

Professor R. A. MuLurKan; Vice-presidential address, 
Section B: Unitary theories in physics.” 

Professor A. G. WexssterR: “Henri Poincaré as a mathe- 
matical physicist.” 

Professor E. J. Wiiczynsk1: “Some general aspects of 
modern geometry.” 

Professor L. A. BAvER: “Cosmical magnetic fields.” 

Professor G. E. Hate: “ Preliminary note on an attempt to 
detect the general magnetic field of the sun.” 


The following papers were read at the separate sessions of 
the Society: 

(1) Professor R. D. CarmicnaEt: “On the numerical 
factors of the arithmetic forms a” + B”.” 

(2) Professor R. D. CarmicHaEL: “On non-homogeneous 
linear equations with an infinite number of variables.” 

(3) Professor R. D. CarmicHaEL: “Note on Fermat’s last 
theorem.” 

(4) Dr. W. A. Hurwitz: “Mixed linear integral equations 
of the first order.” 
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(5) Mr. H. Gatasrxran: “On certain non-linear integral 
equations.” 

(6) Dr. W. A. Hurwitz: “On Green’s theorem for the 
plane.” 

(7) Professor ARNOLD Emcu: “On some properties of closed 
continuous curves.” 

(8) Professor G. A. Mitter: “The product of two or more 
groups.” 

(9) Dr. J. E. Rowe: “Three or more rational curves in 
collinear relation.” 

(10) Professor F. R. SHarpe and Dr. F. M. Morgan: 
“Quartic surfaces invariant under periodic transformations.” 

(11) Dr. H. M. Suerrer: “A set of postulates for the 
Boolean algebra.” 

(12) Dr. J. R. Conner: “The rational sextic curve and the 
Cayley symmetroid.” 

(13) Dr. J. R. Conner: “Multiple correspondences deter- 
mined by the rational space septimic.” 

(14) Professor L. E. Dickson: “Finiteness of the odd 
perfect and primitive abundant numbers with a given number 
of distinct prime factors.” 

(15) Professor L. E. Dickson: “Amicable number triples.” 

(16) Professor J. L. Cootmpce: “A study of the circle- 
cross.” 

(17) Professor G. A. Buss: “The relation satisfied by two 
dependent functions near a point at which both are singular.” 

(18) Professor J. A. Erestanp: “On the algebraic curves 
of a tetrahedral complex and the corresponding surfaces 
conjugate to it.” 

(19) Professor E. H. Moore: “On nowhere negative 
kernels” (preliminary communication). 

(20) Professor BucHanan: “Oscillations near one 
of the isosceles triangular solutions of the three body problem.” 
(21) Professor Peter FreLp: “On constrained motion.” 

(22) Professor G. C. Evans: “On the reduction of certain 
types of integro-differential equations.” 

(23) Professor J. A. Caparo: “Hyperspace and the non- 
euclidean geometry of four dimensions.” 

(24) Professor Jacop WEsTLUND: “On the factorization of 
rational primes in cubic cyclotomic number fields.” 

(25) Dr. E. L. Dopp: “An erroneous application of Bayes’ 
theorem to the set of real numbers.” 


by 
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(26) Dr. E. L. Dopp: “The validity of Bertrand’s approxi- 
mations leading to the probability integral.” 

(27) Professor Epwarp Kasner: “Equitangential tra- 
jectories in space.” 

(28) Professor C. J. Keyser: “Concerning multiple inter- 
pretations of postulate systems, and the ‘existence’ of hyper- 
spaces.” 

(29) Professor E. J. Wiitczynsx1: “On a certain completely 
integrable system of linear partial differential equations.” 

(30) Professor L. C. Karpinsxi: “The Quadripartitum 
numerorum of Johannes de Muris.” 

(31) Professor L. C. Karpinsk1: “Hindu numerals among 
the Arabs.” 

(32) Dr. H. B. Puruures: “ Directed integration.” 

(33) Dr. JosepH LipKe: “Geometric characterization of 
isogonal trajectories on a surface.” 

(34) Professor J. B. Saw: “Integral invariants of general 
vector analysis.” 

(35) Professor J. B. Saaw: “On non-linear algebras.” 

(36) Professor D. R. Curtiss: “Proofs of certain formulas 
suggested by Laguerre’s work in the theory of equations.” 

(37) Professor ARTHUR Ranum: “On the projective differ- 
ential classification of n-dimensional spreads generated by 
oo! flats.” 

(38) Miss I. M. Scnotrenrets: “Proof that there is but 
one simple group of order 7!/2.” 

(39) Professor L. P. E1s—ennart: “Certain continuous 
deformations of surfaces applicable to the quadrics.” 

(40) Professor E. V. Huntineton: “A set of independent 
postulates for ‘betweenness.’” 

(41) Professor A. B. Fr1zE.x: “Some terms in the expansion 
of the infinite determinant.” 

(42) Dr. T. H. Gronwa.i: “On Weierstrass’s preparation 
theorem.” 

(43) Dr. T. H. Gronwatu: “On series of spherical har- 
monics (second paper).” 

(44) Dr. Cora B. HENNEL: “Transformations and invari- 
ants connected with linear homogeneous difference equations 
and other functional equations.” 

(45) Professor Harris Hancock: “Problems in arith- 
metical geometry.” 

(46) Professor Harris Hancock: “Generalization of a 


| 
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theorem due to Liouville or to Dedekind, with applications to 
the geometry of numbers.” 

(47) Professor W. D. MacMrtxan: “A proof of Wilezynski’s 
theorem.” 

(48) Professor W. D. MacMitian: “On Poincaré’s cor- 
rection to Bruns’ theorem.” 

(49) Professor W. B. Fire: “Some theorems concerning 
groups whose orders are powers of a prime.” 

(50) Mr. L. L. Sma: “Some generalizations in the theory 
of summable divergent series.” 

(51) Mr. C. E. Love: “On the asymptotic solutions of 
linear differential equations.” 

(52) Professor Snyper: “Algebraic surfaces invari- 
ant under an infinite discontinuous group of birational trans- 
formations (second paper).” 

(53) Dr. L. L. Smverman: “On the equivalence of 
definitions of summability.” 

(54) Dr. R. M. Wincer: “Self-projective rational curves 
of the fourth and fifth orders.” 

The papers of Mr. Galajikian and Dr. Sheffer were com- 
municated to the Society through Dr. Hurwitz, that of 
Professor Caparo through Professor G. A. Miller. Dr. Hennel 
was introduced by Professor Carmichael, Mr. Love by Pro- 
fessor Ford. The papers of the following authors were read 
by title: Professor Carmichael, Professor Miller, Dr. Rowe, 
Professor Sharpe and Dr. Morgan, Dr. Sheffer, Dr. Conner, 
Professor Buchanan, Professor Evans, Professor Caparo, 
Professor Westlund, Dr. Dodd, Professor Kasner, Professor 
Keyser, Professor Ranum, Professor Eisenhart, Professor 
Huntington, Professor Frizell, Dr. Gronwall, Professor Mac- 
Millan, Professor Fite, Mr. Smail, Professor Snyder, Dr. 
Silverman. The second papers of Professor Dickson and 
Professor Karpinski were also read by title. Mr. Galajikian’s 
paper was read by Dr. Hurwitz. 

Abstracts of the papers follow below. The abstracts are 
numbered to correspond to the titles in the list above. 


1. Let a and B be the roots of the quadratic equation 
— (a+ B)z + a8 = 0, 


whose coefficients a + 8 and af are relatively prime integers 
such that @ and £ are not roots of unity. Then the numbers 
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D, and S,, 
a” — 


a—B’ 


D, = Sn =a"+ 

are integers. The principal object of Professor Carmichael’s 
first paper is an investigation of the numerical properties of 
D, and S,. The general results obtained have several appli- 
cations in the theory of numbers. 

Among the factors of D, and S, are numbers of the form 
F,(a, 8), where F;.(a@, 8) is that irreducible algebraic factor of 
a* — B* which is not a factor of any a” — B” for which + is less 
than k. These numbers F;(a, 8) play a fundamental réle 
throughout the paper. 

The general results cannot be briefly stated. Of the con- 
clusions obtained in application of the general theorems we 
mention the following two: a necessary and sufficient con- 
dition that an odd number p is prime is that an integer a 
exists such that F,-;(a, 1) is divisible by p; a necessary and 
sufficient condition that 2k + 1 = 2”-+ 1, where n> 1, is 
prime is that 


3§+1=0 mod 2k+1. 


2. In recent years important contributions to the problem 
of solving linear equations with an infinite number of variables 
have been made by Hill, Poincaré, von Koch, Hilbert, Toeplitz, 
Schmidt, and Bécher and Brand. The most interesting and 
far-reaching developments which have been given up to the 
present time are those of the last two mentioned. The object 
of Professor Carmichael’s second paper is to establish a range 
of validity for results obtained by a useful method due to 
K6tteritzsch. 

The method of the paper, although it is one of great sim- 
plicity, is yet such as not to yield readily to description within 
limits of space appropriate for this abstract. 


3. Professor Carmichael’s third paper appeared in full in 
the February BULLETIN. 


4. In his first paper Dr. Hurwitz attempts to supply a 
relatively complete theory of mixed linear equations of the 
first order, such as he has considered briefly in an earlier note. 


— 
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The notion of the adjoint system to such an equation is 
introduced and used to obtain a simple form of statement of 
conditions for the solution of the non-homogeneous equation 
in cases where the homogeneous equation possesses non- 
trivial solutions. A function D(A) corresponds to the Fred- 
holm determinant of the pure equation, and a set of functions 
D(x, y; Di(a; ---, Dm(x; corresponds to the 
Fredholm first minor; these are integral functions of \.  Re- 
solvent and pseudo-resolvent systems may be constructed, 
having properties analogous to those of the resolvent and 
pseudo-resolvent functions for the pure equation. By means 
of a natural generalization a parallel to the theory of the 
symmetric kernel may also be established. 


5. In this paper Mr. Galajikian considers integral equations 
of the type 


with the generalization to systems of such equations. By 
the method of successive approximations it is shown that a 
continuous solution exists in a sufficiently small interval 
under conditions of continuity and Lipschitz conditions on 
the given functions. A special form of the equation con- 
sidered has been treated by T. Lalesco. 


6. The usual proofs of Green’s theorem on the equality of 
certain double and curve integrals not only demand that the 
region of double integration be bounded by simple regular 
closed curves, but also explicitly or implicitly use a further 
assumption, ordinarily in the form that the boundary should 
be cut in only a finite number of points by any straight line 
parallel to either coérdinate axis. As results are frequently 
stated, in the application of the theorem to partial differential 
equations, without mention of this restriction, one is led to 
ask whether or not it is essential. Dr. Hurwitz in his second 
paper establishes the truth of Green’s theorem without the 
additional assumption on the boundary. 


7. In a paper recently presented to the Southwestern 
Section Professor Emch has shown how to represent para- 


1913.] THE ANNUAL MEETING OF THE SOCIETY. 283 


metrically any closed continuous curve passing through the 
vertices of a square. He has proved also that at least one 
square may be inscribed in every ordinary (admitting of a 
definite tangent at every point) continuous closed convex 
curve or oval. From this follows that any oval may be 
parametrically represented in the form referred to above. 

In the present paper the results are generalized for any 
ordinary closed curve without singular points. 


8. Professor Miller’s paper appears in full in the present 
number of the BULLETIN. 


9. Certain rational plane curves possess sets of covariant 
rational point or line curves which are related as follows: 
if A, B, and C are three point curves of such a set, any param- 
eter value substituted in the parametric equations of A, B, 
and C yields the coédrdinates of three collinear points; if A’, 
B’, and C’ are three line curves of such a set, any parameter 
value substituted in the parametric equations of A, B, and C 
yields the coérdinates of three concurrent lines; Dr. Rowe’s 
paper consists in discussing such curves, and in giving illus- 
trations of their existence. 


10. Professor Sharpe and Dr. Morgan consider a quartic 
surface having two conical points P and Q. If any line 
through P meets the surface in A and B and QB meets the 
surface in C, the conditions are found that the transformation 
which sends A into C should be of period 2 or 3. There 
appears to be no surface of this type with a transformation of 
period > 3 for all positions of A. The conditions may be 
interpreted as the condition that the two involutorial trans- 
formations J,, J. of the general (2, 2) correspondence should 
satisfy or (1/2)? =1. The geometrical interpretation 
for a quartic curve with two double points is given and is 
analogous to Steiner’s theorems for a cubic curve (Crelle, 1845). 


11. In this paper Dr. Sheffer gives a determination of the 
Boolean algebra, the “algebra of logic,’ by means of a set of 
postulates which differs from Huntington’s sets (Transactions, 
volume 5, pages 288-309) mainly in that Huntington’s 
existence postulates for the logical elements 0 and 1, and for 
the class of “negatives,” are deduced as theorems. 
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12. This paper is intended primarily as an illustration of 
the value of the rational curve as an instrument by means 
of which the properties of certain types of surfaces may be 
studied. Dr. Conner’s starting-point is the rational sextic 
curve r°, 


(1) = = 1, 2, 3, 4), 
taken in connection with its conjugate p*, 
(2) (a,t)® (a 1, 2, 3, 4), 


where |a;a;|°= 0. Giving a point 2 of space determines 6 
parameters on 1°; if the catalecticant of the binary sextic so 
obtained is made to vanish, the locus of 2 is the quartic 
surface S with 10 symmetrical nodes, called by Cayley the 
symmetroid. The rational curve r* and the symmetroid have 
each 24 constants, and it is shown that S has two associated 
rational sextics, each of which determines it in the above 
manner. ‘These sextics have a common rational covariant 
quadric surface K, which is thus a rational covariant surface 
of the symmetroid. The separation of the sextics depends 
on the separation of the two systems of generators of K. 

There are 10 quadrics each on all nodes of S but one, and 
the two systems of generators of each of these pair off with the 
two systems on K. Thus giving one of these latter quadrics 
a node forces every other to have a node—a remarkable 
property of the 10 nodes of S. 

Other covariant surfaces and special cases of S (Kummer 
surface, Hessian of cubic) are discussed. 


13. This paper is to be regarded as a continuation of an 
earlier paper by Dr. Conner, entitled “Multiple correspond- 
ences determined by the rational plane quintic curve” (Trans- 
actions, volume 13, pages 265-275, April, 1912). 

Given a rational 7-ic curve p’ in a space S, 


x; = (a;t)’ (¢ = 1, 2, 3, 4) 
and its conjugate curve r’ in a space =, 

= @;,t)’ 1, 2, 3, 4), 
where |a.a;|" = 0, a (7, 1) correspondence 7 is determined 


between S and 2. The surfaces in S which are maps by T of 
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planes of = are a 3-fold linear system of cubic surfaces C3, 
having a common double line x. The points of 7 are the 
only singular points of 2. The jacobian J of the system C; 
is transformed by T into the developable of tangents of 1’. 
T transforms planes of S into quintic surfaces in 2 which 
bear interesting relations to the surface T(J). Other corre- 
spondences associated with T are discussed. 

The proof of the existence of 7 and its connection with the 
osculants of p’ are developed in a manner analogous to the 
method of the earlier paper. 

It is shown that similar correspondences exist for rational 
curves in general, and it is hoped that their value as an aid 
to the study of rational curves is clearly shown. 


14. In the first paper by Professor Dickson a primitive 
non-deficient number is defined to be a non-deficient number 
not a multiple of a smaller non-deficient number. It is 
proved that there is only a finite number of primitive non- 
deficient odd numbers having any given number n of dis- 
tinct prime factors. Since any perfect number is a primi- 
tive non-deficient number, it follows as a corollary that 
there is not an infinitude of odd perfect numbers with a given 
number of distinct prime factors. The main theorem is 
proved by applying the following lemma once to the set of all 
deficient numbers with given prime factors (to prove by 
induction that the n prime factors of a primitive non-deficient 
number are each limited) and finally to the set of all primitive 
non-deficient numbers with n given prime factors. The 
lemma states that any set S of integers p;* --- pa”, where 
Pi) ***, Pn are given integers, contains a finite number of 
integers F,, ---, F;, such that every integer of the set is a 
multiple of at least one F;. By the same method it is shown 
that there is only a finite number of primitive abundant 
numbers having a given number of distinct odd prime factors 
and a given number of factors 2. The paper will be offered to 
the American Journal of Mathematics. 


15. In the second paper by Professor Dickson an amicable 
number triple is defined to be a set of three integers such that 
the sum of the proper divisors of each equals the sum of the 
remaining two numbers. If a(n) is the sum of all the divisors 
of n, then m, mm, ---, m, form an amicable k-tuple if 


o(m) = o(m) = = o(m) = m+ mt +m. 
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For k = 2, the numbers are amicable in the usual sense. If 
the n’s are all equal, m; is a multiply perfect number of multi- 
plicity k. For k = 3, the paper gives 7 amicable triples in 
which two of the three numbers are equal, and the two ex- 
amples of amicable triples of distinct numbers 


293 -337 a, 5-16561 a, 99371 4, = 2°.3-13; 
3-89 a, 11-29 a, 359 a, a = 2"-5-19-31-151. 


The paper will appear in the American Mathematical Monthly. 


16. A circle-cross is the figure of two circles so related that 
each is orthogonal to every sphere through the other. It 
bears a relation to the circles of a general linear system 
analogous to that which the central axis bears to the lines 
of a linear complex. Professor Coolidge’s paper considers 
systems of crosses orthogonal to one sphere, crosses derived 
from one and two parameter families of linear circle systems, 
and an involutory transformation which carries circles into 
circles, but not spheres into spheres. 


17. It is well known that when the functional determinant 
of two analytic functions g(u, v) and y(u, v) vanishes identi- 
cally there must be a relation of the form 


F(g(u, 0), v)) = 0, 


holding identically in uw and v. Near any point which is not 
a singular point for ¢, the form of this relation can be found 
by solving the equation 


g(u, =k 


for one of the variables and substituting the result in y. 
Near a point at which both ¢ and y are singular this process 
can not be carried out. In the paper of Professor Bliss a 
method is given for determining the character of the relation 
near a point where ¢ and y both begin with terms of higher 
than the first degree, and it is shown that F(¢, W) is analytic 
but has itself a singular point. The proof makes use of the 
preparation theorem of Weierstrass by means of which the 
variable u can be eliminated from the functions g — 2, y — y. 
The resultant R(v, x, y) is a series in 2, 2, y, and the function 
F(¢, ¥) required is R (0, ¢, y). 
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18. The purpose of Professor Eiesland’s paper is to deter- 
mine all the algebraic curves of a tetrahedral complex. The 
algebraic surfaces conjugate to the complex may then, ac- 
cording to Lie, be formed by putting 


-{ Udu +f 
a+v’ 


Udu Vdv 
b+0’ 
f+ Vd» 
e+’ 


where (u) and (v) are complex curves and also conjugate 
curves on the surface. The work of determining these curves 
(and surfaces) is chiefly of a function-theoretical nature, but 
a number of interesting geometrical theorems have also been 
found in the course of the investigation. 


19. In his preliminary communication Professor Moore 
stated the following theorems: 

(1) If a real-valued continuous kernel «(s, t) (a < s < B, 
a <t<b) satisfies the two conditions: (a) for every real- 
valued continuous function £(s) not identically null (a<s<b) 


£(s)E(s)ds > f £(s)x(s, t)E(t)ds dt; 


(b) x(s, t) is nowhere negative, then the kernel x(s, ¢) has no 
characteristic number of absolute value < 1.—Corollaries: 

(2) For such a kernel x(s, ¢) the solution 7(s) of the linear 
integral equation 


has the form 


f fe i)k(t, wE(u)dtdu+--- (aSs<b), 


and hence 
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(3) If the given function £(s) is nowhere negative or every- 
where positive (a < s <b), the solution 7(s) is respectively 
nowhere negative or everywhere positive (a < s < b). 

According to Hilbert and Bateman, the conclusion of (1) 
holds for symmetric kernels with the condition (a). In this 
case the characteristic numbers are real. For (possibly 
asymmetric) kernels with the conditions (a, b) one proves 
readily that a real characteristic number, if any exists, is of 
absolute value > 1, and hence that every characteristic num- 
ber is of absolute value > 1, from the theorem: 

(4) For a kernel «(s, ¢) with the condition (b) either no 
characteristic number exists or there exists a positive char- 
acteristic number amongst the characteristic numbers of least 
absolute value. This follows from Fredholm’s expression of the 
logarithm of the integral transcendental function D(A) as a 
power series in \ convergent near A = 0. 

The theorems here stated are instances of general theorems 
in Professor Moore’s general theory of linear integral equa- 
tions (ef. this BuLtetrin, April 1912). Theorem (3) for the 
symmetric (algebraic) instance II, of a system of n linear equa- 
tions in n unknowns 7(s) (s = 1, 2, ---, m) is essentially a 
theorem established by Stieltjes (Acta Mathematica, volume 9, 
page 385, 1887) for use in his investigation of the roots of 
Legendre’s polynomials. 


20. The isosceles triangular solutions of the three body 
problem are the periodic solutions in which two of the masses 
are finite and equal, while the third body moves so that it is 
equidistant from the finite bodies. Pavanini obtained the 
first of these solutions in 1907 by means of an elliptic integral. 
In this solution the finite bodies move in a circle and the 
third body, an infinitesimal, moves in a line through the center 
of mass perpendicularly to the plane of the motion of the 
finite bodies. Macmillan also obtained this solution inde- 
pendently in 1910, and further developed the solution as a 
periodic function of the independent variable. In his paper 
before the society at the April meeting in Chicago, 1911, 
Professor Buchanan dealt with two additional solutions: one 
in which the finite bodies move in ellipses and the third body 
is infinitesimal; the other in which the three bodies are finite. 
The present paper deals with the case in which the infinitesimal 
body oscillates about the straight line while the equal bodies 
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move in a circle. The solution is developed as a power series 
in two parameters, one representing the initial projection from 
the plane of motion of the finite bodies, the other representing 
the initial displacement from the center of mass. 


21. The suggestion of studying the type of constrained 
motion which is considered in Professor Field’s paper was 
obtained from an article by Saint-Germain and Lecornu 
entitled “Sur l’impossibilité de certaines mouvements,” pub- 
lished in the Comptes Rendus, volume 114 (1892). 

The following problem is solved. Given two parallel plane 
curves c and ¢, the distance between the two being a; two 
particles of mass m and m, connected by a weightless rod of 
length a, are constrained to move along c and ¢;. No external 
forces act on the particles. Under what circumstances does 
the supposition that motion takes place lead to conditions 
which are compatible: (a) when c and ¢ are smooth, (b) when 
c and c; are rough? 


22. We are often concerned, as in the theory of Galois, with 
the question as to when the solution of certain equations can 
be expressed in terms of a finite number of operations and 
functions, belonging to given classes. We may speak of this 
as the question of getting the solutions in closed form. 

Professor Evans considers the closed forms of solutions of 
certain types of linear integro-differential equations. By 
means of transformations involving a finite number of quad- 
ratures, the integro-differential equations in these cases are 
reduced to systems of equations purely differential or purely 
integral. 


23. From considerations of the non-euclidean geometries 
of Riemann and Lobachevsky it can be demonstrated that 
the space of our physical perceptions could have a curvature, 
although very small, towards a fourth dimensional space, and 
though this cannot be proved by experiment upon space, still 
its consideration involves a philosophical train of thought 
and a series of useful principles in the realm of pure mathe- 
matics. In Professor Caparo’s paper several hyperbodies 
are studied under the most simple conditions; e. g., hyper- 
bodies extending from a three-dimensional space towards the 
space of four dimensions, thus leaving their bases, or at least 
their sections, in the three dimensional space. 
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Relations between spaces of higher order and the orders of 
infinite are also established, showing the non-absurdity of the 
assumptions and conclusions in the proposed theorems and 
axioms of a non-euclidean fourth dimensional geometry. The 
degrees of freedom of elements in hyperspaces are also studied 
with a view of explaining several physical and chemical 
phenomena. 


24. If p is an odd prime of the form 6n + 1, r a primitive 
pth root of unity, and g a primitive root of p, thena=r 
ea? aren generates a cubic cyclic number field. 
In order to determine the class number of this field a knowledge 
of the prime ideals in the field is necessary. In Professor 
Westlund’s paper a method for decomposing rational primes 
into prime ideal factors in k(@) is given, and the method is 
applied, for a large number of values of p, to the actual 
factorization of those rational primes on which the deter- 
mination of the class number depends. 


25. Dr. Dodd deals with an attempted generalization of 
the following corollary of Bayes’ theorem, viz.: If each of a 
finite number of mutually exclusive “causes” is equally likely, 
a priori, to come into play, then the probability, a posteriori, 
that a given event had its origin in a given cause is pro- 
portional to the probability that the given cause would produce 
that event. 

In the theory of measurements a function ¥(z)dz is some- 
times regarded as giving the probability, a priori, that the 
true value lies between z and z+ dz. Then the attempt is 
made to regard ¥(z) as a constant for all real values of z, 
viewing each real number as equally likely, a priori, to be 
the true value. Not only is this probability difficult to 
interpret in terms of ideal frequency, but ¥(z) cannot be made 
a constant; for the integral of ¥(z) from — 2 to + © must be 
unity, the symbol for certainty. 

With measurements designated by m, me, --+, mn, true 
value by z, and errors by z — m, ---,2— mn, the probability 
that this specified set of measurements, with attendant errors, 
will occur is written as 


P = o(z — m)¢(z — m) — Mn), 
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or perhaps this product multiplied by dm, ---dm,. The 
attempt is then made to view P as a function of z, proportional 
to the probability that z be the true value,—it being imagined 
that this is a legitimate generalization of the corollary of 
Bayes’ theorem—when, indeed, the writer seeks any justi- 
fication at all. After hasty reading, some may even suppose 
that P(z) is equal to the probability that z be the true value. 

Then setting dP/dz = 0, and assuming that the arithmetic 
mean is the most probable value, the argument is supposed 
to lead to the Gaussian probability law. 


26. Dr. Dodd uses Stirling’s formula in finite form,* viz.: 
n! = is V where 0 < 6< 1, and finite develop- 
ments of e' and log, (1+ #), to verify Bertrand’st deduction 
of the probability integral. 

Let p be the probability that an event will happen on a 
single trial, where 0 < p< 1; and setg=1— yp. Then the 
probability that the event will happen exactly r times in s 
trials is 

8! 
(1) P, = 


Now let any positive number ¢ be chosen; and then let 


s be iaken large enough so that sp — cV's > 0 and sp + eVs 
<s. Then let r, r;, and rz be such that 


(2) sp—eVs SmSrsn<sptevs. 
Set 
l=sp—r, h=sp—n, h=sp—m, h= (2spq)?. 


Then constants, Ki, Ke, K3, and K4, independent of s, exist 
such that 


h 
Vir 


Te Vr 4 


*Cesiro, Corso di Analisi algebrica, pp. 270 and 480. 
fT Calcul des Probabilités, p. 76. 
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h e K, 
6 P, = — Made + es, <—. 


It can now be shown that lim e, = 0, uniformly, even with 
the restriction (2) removed. 

Theorem.—Let p be the probability that an event will 
occur on a single trial, where 0 < p < 1; let s be the number 
of trials to be made; and set h = [2sp(1 — p)]-*. Then the 
probability that the number of occurrences of the event will 
be some number in the set sp — to sp — i inclusive, 
where 0 < sp—k < sp—|, S38, is 
hls 


= f e-“dt + 5, where lim 6 = 0, uniformly. 
h 


s=@ 


27. If each lineal element of a congruence of space curves 
slides along its own direction a fixed distance c, the new 
elements generate a new congruence equitangentially related 
to the original. By varying c, we obtain a family of 0* space 
curves, whose properties are discussed by Professor Kasner. 
The simplest results are the following. A line tangent to one 
curve is tangent to 0! curves; the osculating planes passing 
through the line are homographically related to the points 
of contact; the locus of the centers of curvature is a twisted 
cubic. 


28. Professor Keyser’s paper, which for definiteness attaches 
itself to Hilbert’s axioms for geometry, undertakes to examine 
the current “critical” creed: that the element-names, since 
they are not defined, may be interpreted to be the names of 
any things whatever, subject to the sole restriction that the 
things must satisfy the axioms; that, an admissible (possible) 
interpretation once given, a definite science, theory, or doctrine 
arises; that replacing that interpretation by another admissible 
one leaves the doctrine unchanged; that this doctrine is 
euclidean geometry of three dimensions; and that, if one 
wishes to regard the geometry as a doctrine of or about some- 
thing to be called space S3, S; is nothing but any system of 
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things that satisfy the axioms. The examination leads to 
the conclusion that, whilst there are many (even infinitely 
many) admissible interpretations, no two of these yield the 
same doctrine; that one and but one of the doctrines so arising 
is rightly called geometry; that it is not merely a matter of 
temperament or taste whether this doctrine be regarded as 
being about something (called space); that this space, though 
it is not sensible (or empirical) space, is an affair connoting 
conceptual extension, as Euclid’s much ill-advisedly criticised 
descriptive “definitions” of point, line and plane so usefully 
intimate; and that, even if this extensional view of space be 
rejected, the long vexed question as to what, if any, sort of 
existence hyperspaces have, is to be answered finally by the 
proposition that hyperspaces possess every kind of existence 
that may be warrantably attributed to the space of ordinary 
geometry. 


29. In a paper read before the summer meeting of the 
Society, Professor Wilczynski defined a class of surfaces 
whose theory was equivalent to the theory of the completely 
integrable system 


0”: 0 
+ (cou + = 0, 


(8) ay 


+ e+ (cov + c2)y = 0, 


where ¢o, ¢;, and ¢c, are constants. An exhaustive discussion 
was there given of the cases in which ¢ is equal to zero. The 
present paper is devoted to the integration of the above 
system in the case where cy does not vanish. One of the 
preliminaries to the solution of this problem is the problem of 
integrating a completely integrable non-homogeneous system 
when the integrals of the corresponding homogeneous system 
are known. The integrals of (S), which then appear as power 
series in ¢o, have associated with them a remarkable family of 
polynomials whose properties are studied to some extent. 
It turns out, moreover, that the solutions of (S) satisfy 
integral equations of a peculiar kind, involving exact differ- 
entials in two independent variables, thus suggesting several 
new problems to which, in part at least, the processes of this 
paper are applicable. 
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30. This is a final report on the Quadripartitum, more 
especially of the third book dealing with algebra. Professor 
Karpinski shows that de Muris drew extensively both from 
Leonard of Pisa and from Al-Khowarizmi. While this writer 
contributed little if anything to the development of the science, 
yet his work was influential in spreading the popular study 
of algebra. The origin of certain terms used for algebra, 
ars major and ars rei et census, is touched. 


31. Up to the present time the earliest known forms of 
Hindu numerals among the Arabs are in documents of 873 A.D. 
The arithmetic of Al-Khowarizmi antedates this by some 
fifty years, but it has not yet been found in the Arabic original 
but only in Latin translation. Professor Karpinski presents 
a reference to the numerals in an Arabic work of 855 a.p., in 
which the Hindu forms are given as a type of alphabet. The 
work is by one Ibn Wahshiyya, who is notorious as being one 
of the earliest nature fakirs, having written a monumental 
treatise purporting to explain Babylonian agriculture and 
civilization. This has been shown to be the product of an 
overactive imagination. While the treatise on alphabets is 
similarly largely fictitious, yet he does therein present the 
numeral forms now used by the Arabs. 


32. In a continuous variety of m dimensions are defined 
m one-valued functions x; whose jacobian vanishes only on 
certain singular surfaces of not more than m — 1 dimensions. 
The surfaces representing constant values of these functions 
divide the variety into regions bounded by 2; = ¢, 2; = 
¢;+ Ac;. In one of these regions take Az; = Ac; By a 
continuous motion (birational) it will be possible to transform 
this inte any other region except one bordering on the singular 
surface or boundary, in such a way that 2; = ¢; passes into 
x;=c/. The increment of 2; for this region is that into 
which Az, passes by continuity. If the variety is bilateral 
the resulting quantity Az, --- Az, will be independent of the 
path by which we pass (within the variety) from the first to 
the second point. In this case Dr. Phillips defines the integral 
of a one-valued function over the variety as 


lim --- Az, 
Ar=0 
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if that limit exists. If the variety is unilateral there are two 
values for the product of increments, the two differing only 
in sign. In this case both are used in the above limit and f 
allowed to be correspondingly two-valued. With this defini- 
tion of integration the formulas for change of variable are not 
limited to regions in which the jacobian has a constant sign. 
Symbolically the differentials under the integral sign multiply 
according to the alternative law. A series of results analogous 
to the formulas of Stokes and Gauss are given by the formula 


+++ dan = f +++ fdfdx, --+ den, 


the one integral being taken over the boundary and the other 
over the region enclosed. 


33. In this paper, Dr. Lipke characterizes geometrically 
the complete family of (%*) isogonal trajectories of a simple 
(001) system of curves on any surface. (This has already 
been done for the plane by Professor Kasner and Dr. W. M. 
Smith.) To test whether a given family (X) of oc? curves on 
a surface are the isogonal trajectories of some simple system, 
we proceed as follows: Through each point in each direction 
there pass one curve of the family (X) and one curve of the 
family (J) of isogonal trajectories of an arbitrary isothermal 
system of curves; through each point in each direction con- 
struct a curvature element whose geodesic curvature is equal 
to the difference of the geodesic curvatures of the elements of 
(X) and (J) passing out in that direction, and rotate each 
new element through a right angle; if the family of curves 
thus obtained have the properties of a natural family of 
curves, then the family (X) are the isogonal trajectories of a 
simple system. Natural families of curves on a surface have 
been geometrically characterized by the writer in a previous 
paper.* 


34. This paper by Professor Shaw is a generalization of the 
integral invariants of Poincaré to expressions of a general 
vector analysis. The expressions are analogous to the 
quaternion generalizations of Green’s theorems and similar 
forms. See Goursat, Journal des Mathématiques, (6) 4 (1908), 
page 331. 


* “Natural families of curves in a general curved space of n dimensions.” 
Trans. Amer. Math. Soc., vol. 13, p. 93. 
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35. By non-linear algebra is meant one in which the co- 
ordinates of the product of two general numbers of the algebra 
are not bilinear forms in the coérdinates of the two numbers, 
but are forms of higher order. Professor Shaw discusses the 
application of continuous transformation groups to a class of 
non-linear algebras. 


36. In a paper read at the April, 1912, meeting of the 
Chicago Section, Professor Curtiss indicated the existence of 
other functions besides e*? which have the property, proved by 
Laguerre for the function named, provided z is sufficiently 
large, that when the product of one of them with a polynomial 
f(x) is developed in a power series, the number of variations 
of sign in the coefficients is equal to the number of positive 
real roots of f(x). Since that time a paper has been published 
by Fekete and Pélya, proving that (1 — x)~ is a function of 
this class for the interval [0, 1], provided & is sufficiently large, 
and stating that (1+ 2)* has the same property for the 
interval [0, 0]. Their demonstrations depend on systems 
of somewhat complicated inequalities. In the present paper 
briefer proofs of a different nature are given, and certain 
corollaries are deduced, of which the following may serve as 
an example: If k is sufficiently large the number of variations 
of sign in the sequence 


for x = 2, > 0, is equal to the number of positive roots of 
f(x) less than 2. 


37. Professor Ranum considers the classification of n- 
dimensional spreads from a broad projective differential 
standpoint. For instance, ruled non-developable surfaces, 
which in S; may be regarded as all of the same class, in S, fall 
into four distinct classes; and non-developable hypersurfaces 
generated by ©! planes in S, belong to four classes, while in 
S; they belong to forty-three classes. Analytic criteria are 
found for distinguishing the various classes. 


38. Every complete set of conjugate substitutions, or 
subgroups of a simple group, is transformed according to a 
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simply isomorphic group, whenever these substitutions or 
subgroups differ from identity. This characteristic property 
of simple groups may be used to define such groups. 

In this paper Miss Schottenfels assumes the existence of 
the alternating group of degree 7, and proves that if another 
simple group of this order exists, it contains the same number 
of Sylow subgroups of orders 7 and 9 as this alternating 
group. She then shows that the Sylow subgroups of order 9 
in the supposed simple group are transformed according to an 
imprimitive group, and that these systems of imprimitivity 
are transformed according to the alternating group of degree 7. 
It follows that the supposed simple group is simply isomorphic 
with the alternating group of degree 7, and that there exists 
but one simple group of order 7!/2 = 2,520. 

Since it is known that there exist but one simple group of 
the orders 60 and 360, this paper establishes the fact that 
the alternating group of degree 8 is the smallest alternating 
group whose order is that of a non-alternating simple group 
(as the writer proved several years ago). 


39. Professor Eisenhart’s paper is essentially the same as 
that read at the Fifth International Congress, an abstract of 
which appeared in the January number of the BuLLETIN 
(page 177). The memoir will be printed in the Transactions. 


40. The first explicit set of postulates for the notion “be- 
tween” was given by Pasch in 1882, but no attempt was 
made at that time to establish the independence of the postu- 
lates. Substantially the same set was adopted by Peano in 
1894, but again with no satisfactory proof of independence. 
Two later sets of postulates have been given, one by Hilbert 
in 1899, and one by Veblen in 1904; but neither of these sets 
is sufficient to establish some of the simplest laws of order 
along a straight line without the use of a certain two-dimen- 
sional existence postulate (the “triangle transverse postu- 
late”), which was taken from the geometry of the plane and 
has properly speaking no place in a one-dimensional theory. 
The object of Professor Huntington’s paper is (1) to supply 
complete proofs of independence for a set of postulates 
substantially the same as the original set of Pasch, and (2) to 
show how all the fundamental formal laws of serial order can 
be deduced from these postulates without the aid of any 
existence postulates. 
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The postulates are as follows, where “XRAB” may be 
read “X between A and B.” (1) If XRAB, then XRBA. 
(2) If XRAB, then A +B. (3) If XRAB is true, then 
ARBX is false. (4) If ARXB and BRAY, and X + Y, 
then ARXY. (5) If XRAB and BRAY, and X + Y, then 
XRAY. (6) If XRAB and YRAB, and X + Y, then either 
XRAY or YRAX. (7) If ARXB and ARYB, and X + Y, 
then either XRYA or YRXA. 


41. The present paper proposes to apply to the problem of 
developing an infinite determinant a procedure for postulating 
well ordered types which Professor Frizell communicated to 
the Fifth International Congress under the title: “ Axioms of 
ordinal magnitudes.” This consists essentially of a recurring 
process whereby, having built up a certain ordinal type 
» = f(r), where 7 is a previously defined ordinal magnitude, 
it is possible to postulate the new type v = f(r + 1) by using 
» = f(r) as a basis after the following manner: The first 
value of v is f(1) = w and the postulating process assigns to 
it a well ordered set of symbols comprehending a set equivalent 
to the assemblage of all finite products of elements taken 
from the infinite matrix in accordance with the rule for 
forming a term of the determinant. 

The result reached is to justify an analogous statement for 
subsequent values of v; and, since the factors of each product 
always form a series of type not lower than 7, it follows that 
by carrying on the process up to r = a we obtain terms of 
the infinite determinant arranged in a series the ordinal type 
of which is not higher than f(w). 


42. Let the analytic function f(21, %, --+, %n) be regular in 
a space 7 of 2n dimensions, and a, a2, ---, ad, be a point in 
this space where f = 0. Then Weierstrass’s preparation the- 
orem gives the decomposition, in the vicinity of a1, a2, ---, Gn, 
of f(x, 2%, «++, Zn) in two factors, one of which is a poly- 
nomial in 2; — a; and defines all the zeros of f in the vicinity 
considered, except when the point a, a, ---, a, is such that 
f(1, G2, +--+, Gn) vanishes identically in respect to 2. In 
the case of exception it is necessary, according to Weierstrass, 
to perform a linear substitution on 2, a, «++, 2a, the co- 
efficients of which depend on a, de, «++, Gn. 
Dr. Gronwall shows that it is possible to find, a priori, a 
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linear substitution z; = (i = 1, 2, ---, such that, 
k=l 


making f(a, 22, 2n) = F(a’, a’, ---, tn’), the expression 
F(ay’, a2’, «++, an’) will not vanish identically in respect to 2,’ 
at any point a’, a’, ---, a,’ in the space 7’ corresponding 
to T by the substitution referred to, so that the case of ex- 
ception will never occur for the new variables. 

It is further shown how this theorem may serve to abbreviate 
materially a considerable number of proofs in the theory of 
analytic functions of several variables. 


43. Dr. Gronwall has shown (in a paper presented to the 
Society, September, 1912) that for any absolutely integrable 
function f(@, ¢) the formal development in a Laplace series of 
spherical harmonics is summable by Cesaro’s means of order 
one, with the sum f(6, ¢), in every point where the function is 
continuous. The present paper gives an investigation of the 
corresponding Cesaro means of order k(0 < k < 1), and it is 
shown that for } < k < 1 these means converge towards 
f@, ¢) in any point 0, g where the function is continuous, 
provided a certain limit expression vanishes at the antipode 
x — 0, (which is the case, for instance, when the 
function is bounded in the vicinity of this point). It is shown 
by examples that this restriction relative to r — 0, 9 + 7 is 
also necessary. For 0 < k < 3, there exist functions f(6, ¢), 
continuous on the entire sphere, for which the Cesaro means 
of order k are divergent at a given point. 

Concerning the particular case of the Legendre development 
of a function f(x) (where x = cos @), continuous for — 1 < z 
< 1, it is shown that the corresponding Cesdro means of 
order k (where 0 < k < 1) converge towards f(x) for -- 1 
< 2x <1, but not necessarily at the end points — 1, + 1 of 
the interval. 


44, The first part of the paper by Dr. Hennel deals with 
the general linear homogeneous difference equation of order n. 
The most general point transformation that changes every 
equation of this type and order into another of the same 
type and order is determined, and fundamental sets of semin- 
variants, invariants, semi-covariants, and covariants of the 
equation with regard to the group of point transformations 
arefound. The second part of the paper is a similar discussion 
of a certain general type of functional equations. 
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45. In the theory of numbers with Gauss the problems have 
to do with integers which are usually considered with regard 
to one number, an integer or modulus; so that the funda- 
mental concept is a comparison of two numbers. These 
numbers may be represented by the coérdinates of points in 
the plane, one of the codrdinates being a fixed integer. A 
generalization of this idea, whereby the present scope of 
natural numbers is essentially widened, is a comparison of 
three or more integers in such a way that the relations among 
several integers may be expressed by the codrdinates of points 
in a three or more dimensional space. 

In Professor Hancock’s first paper the Eulerian ¢g-function 
is generalized, other functions are introduced by means of 
which many new theorems in the theory of numbers are 
derived and certain theorems of Kronecker, Dedekind, 
Lipschitz, Cesaro, and others are extended. 


46. In Professor Hancock’s second paper is generalized 
the theorem stated by Kronecker in his Vorlesungen iiber 
Zahlentheorie, page 250. Among the applications it is 
shown that 


n=N k=K 1 K 
= lar + + 2) 
rin (dd’ < N; d=11, 2, ---, N), 


where ez are the Mébius coefficients, [K/d] represents the 
greatest integer in K/d, and (n, x, 7) denotes the greatest 
common divisor of n, x, and r. 


47. About a year ago Professor Wilczynski announced the 
theorem that isosceles triangular solutions of the problem of 
three bodies, other than the Lagrangian equilateral triangular 
solutions, do not exist unless two of the masses are equal. 
Professor MacMillan shows that if a solution exists the 
expressions for the orbits in polar coérdinates are readily 
obtained from the integrals of areas. The expressions thus 
obtained must satisfy a certain linear differential equation of 
a very simple type. The proof is obtained by showing that 
if the masses are all different the singularities of these ex- 
pressions cannot be made to coincide with the singularities 
of this linear differential equation by any choice of the available 
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constants except such as give the equilateral triangular solu- 
tion. 


48. In 1896 Poincaré pointed out a defect in the proof of 
Brun’s theorem of the non-existence of algebraic integrals in 
the problem of three bodies. Poincaré pointed out also the 
method by which this defect could be remedied, but did not 
give the details of his analysis. The details, given by several 
other writers, are not entirely satisfactory and it is the purpose 
of Professor MacMillan’s second paper to remedy these 
deficiencies. 


49. The principal results in Professor Fite’s paper are 
contained in the following theorems: 

If G is a group of class k and order p”, p an odd prime, its 
second central cannot be cyclic. 

If the commutator subgroup of G is cyclic, its (k — 1)th 
central cannot be abelian, when k > 3. 

If the commutators of G that correspond to the invariant 
operations of the first cogredient of G form a cyclic subgroup, 
then the commutator subgroup of G is cyclic. 

This last theorem is closely related to a theorem of Professor 
Burnside’s in a recent number of the Proceedings of the London 
Mathematical Society to the effect that a non-abelian group 
whose central is cyclic cannot be a commutator subgroup of a 
group of order p™. 


50. Various definitions have been given of the “sum” of a 
divergent series (cf. Cesdro, Riesz, Borel, LeRoy, etc.). In 
this paper, Mr. Smail gives a process which leads to four 
general methods of summation of divergent series, and each 
of these four methods includes as special cases several of the 
known definitions. It is shown that all these general methods 
satisfy the so-called “condition of consistency,” i. e., that 
every convergent series is summable with generalized “sum” 
equal to the ordinary sum; that no properly divergent series 
is summable by these methods. Uniform summability, the 
continuity, and the term-by-term integration and differ- 
entiation of uniformly summable series are discussed. Appli- 
cations are then made of these general theorems to the various 
particular known methods (Cesaro’s, Riesz’s, Borel’s, LeRoy’s, 
and the Cesdro-Riesz methods), resulting in many known 
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theorems as well as many new theorems. The methods of 
proof employed throughout are simpler than those hitherto 
used for proving the theorems directly for the particular 
methods. In this way the essential properties of the various 
known methods are brought out, and also greater uniformity 
of treatment is secured. 


51. It is known that if the coefficients of a homogeneous 
linear differential equation are developable in asymptotic 
power series for large (real) values of the independent variable, 
then a set of fundamental solutions of the equation likewise 
possess asymptotic expansions in the same region, provided 
the roots of the so-called auxiliary equation are distinct. 
The chief object of Mr. Love’s paper is to study the case in 
which the roots of the auxiliary equation are not all distinct. 
The method used is an application of a general theorem 
arising from Dini’s researches in the theory of linear differ- 
ential equations. For the equation of arbitrary order, only 
an incomplete discussion is attempted, on account of the mul- 
tiplicity of cases that arise, but the equation of the second 
order is considered in detail, and for this the problem is 
completely solved, leading to six distinguishable cases. 


52. In this paper Professor Snyder gives two examples of 
surfaces of any order and of arbitrary geometric genus (or of 
index of irregularity) that have infinite groups of birational 
transformations that are Cremonian groups for entire space. 
The paper appeared in full in the January number of the 
Transactions. 


53. In a paper previously read before the Society,* Dr. 
Silverman has given a generalization of all the definitions of 
summability of a certaintype. In the present paper, sufficient 
conditions are obtained for the equivalence of any two such 
general definitions. Several new theorems are obtained 
concerning Cesaro’s and Hélder’s definitions; and the new 
proof given for the equivalence of Cesdro’s summability of 
order r and Hélder’s summability of order r seems simpler 
than the proofs previously given. 


* October, 1910. 
{ Ford, American Journal, 1909; Schnee, Math. Annalen, 1909. 
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54. The varieties of self-projective quartic and quintic 
curves have been tabulated for the general case by Ciani 
and Snyder respectively. Dr. Winger in his paper presents 
the projectively distinct types of the most general rational 
curves of these orders which are invariant under the different 
finite collineation groups. The quartics are readily obtained 
from the consideration of the Stahl binary sextic. Six types 
are found with characteristic groups of orders 2, 3, 4, 4, 6 and 
24, the first three being cyclic, besides one with an infinite 
group. 

Of the quintics, two admit a one-parameter group. The 
others belong to cyclic groups of orders 2, 3, 4, 5 (two types), 
and dihedral groups of orders 4, 6, and 10 (two types),—eleven 
in all. 

F. N. Cote, 
Secretary. 


THE PRODUCT OF TWO OR MORE GROUPS. 
BY PROFESSOR G. A. MILLER. 
(Read before the American Mathematical Society, December 31, 1912.) 
$1. Introduction. 


Ir H, and H; are any two groups, the symbol H,-H2 denotes 
the totality of the products obtained by multiplying each 
operator of H, on the right by every operator of Hp. 
necessary and sufficient condition that this totality constitutes 
a group is that H,- H,= H.-H, As H,- is always 
composed of the inverses of all the operators represented by 
H, - Hy, irrespective of whether this product is a group or 
does not have this property, we may also say that a necessary 
and sufficient condition that H, - Hz 1s a group 1s that it includes 
the inverse of each one of its operators. 

Suppose that H, and H, have exactly ho operators in 
common. These common operators constitute a subgroup 
Ho, which is known as the cross-cut of H, and Hz. It is easy 
to prove that the number of the distinct operators in H; - Hz 
is always hyhe/ho, where h; and J, represent the orders of 
H, and H, respectively. To see that H, - Hz cannot involve 
more than this number of distinct operators, it is only neces- 
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sary to arrange all the operators of H; and H;2 in augmented 
left and right co-sets,* respectively, as follows: 


H, = Ho + + 8Ho t+ + 8n,Ho, 
H, = Ho + Hoh + Hots + + Hotn,. 


The fact that hh,/ho of the operators in H, - Hz are distinct 
results from the following equations: 
If 
8H Hots = Hots, 
then 
$,, 18,Ho = Hots ts. 


As the first member of the last equation represents an operator 
of H, while the second member represents an operator of Hp, 
it results that the last equation implies a; = a and f; = B. 
Hence the elementary theorem: If H; and Hz have exactly ho 
common operators, then H, - Hz involves hyhe/ho distinct opera- 
tors, and each of these operators appears exactly ho times among 
the operators of H, - He. 

While. the theory of the product of two groups is very 
elementary, the theory of the product of more than two groups 
is much more complex. We observe in the first place that if 
He, ---, H, represent any groups, then H; - H2 --- Hy 
and H, --- H.-H, are composed of operators which are re- 
spectively the inverses of each other, independently of whether 
these products are groups or do not have this property. If 
one of these products is a group, the other is evidently also a 
group. Moreover, it is clear that H, - H, --- H, is a group 
whenever its factors H;, Ho, ---, H, can be permuted according 
to all of the substitutions of the cyclic group generated by the 
substitution (H,H, --- H,), without affecting the value of 
this product. In fact, if the function H, - H2 --- H, admits 
all the substitutions of this cyclic group, the product of any 
two of its operators is again an operator in this product since 


H,-He- > +H, Bi, 
= H,-He- ++ Hy Hy-2= He Hy. 


Hence the theorem: If the product H, - H2--- H, admits 
the cyclic group on its factors, in order, it must also admit the 
dihedral group on these factors. 


* Transactions Amer. Math. Society, vol. 12 (1911), p. 326. 
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§2. Substitutions which Transform a Product of Groups into 
Itself. 


One of the most useful theorems in the theory of substi- 
tution groups is often stated in a somewhat indefinite form as 
follows: All the substitutions on n letters which transform into 
itself a given function of these letters constitute a group. Hence 
it may be desirable to direct attention to an important limita- 
tion of this general statement of the theorem, which exhibits 
interesting properties of the product of three groups. The 
main point in question can be illustrated by means of the 
simple group of order 60, which we shall represent by the 
symbol G throughout the present section. 

Let three Sylow subgroups of G whose orders are 3, 4, and 5 
be represented by the symbols G,, Gz, and G3 respectively, and 
suppose that G, and G, have been so selected that they gener- 
ate a subgroup of order 12 while G; is any one of the sub- 
groups of order 5 contained in G. From the fact that the 
number of the distinct operators in the product of two groups 
which have only identity in common is equal to the product 
of the orders of these groups, it results that every operator of 
Gis found once and only once in each of the products 
Gi - Gs, Gs-Gi- Ge. 

The second of these products may be obtained from the 
first by means of the substitution (G,G3;G2), and hence we 
may say that G = G;, - G, - G; is transformed into itself by 
this substitution. We proceed to prove that G is not trans- 
formed into itself by the square of this substitution, and 
hence it will result that the substitutions on the letters G;, 
G2, G3 which transform G into itself do not constitute a group. 
This fact will be established if we prove that G + G.G6;G4. 

We proceed to prove the more general theorem that @G 
cannot be the product of three Sylow subgroups of different 
orders if the middle one of these subgroups is of order 5. 
Since the 60 operators of G, - G3 - G, are the inverses of those 
of G, - G3; - G,, it is only necessary to prove that it is impossible 
to find in G three Sylow subgroups G2, G3, G; of orders 4, 5, 3 
respectively such that G = G, - G; - Gi. 

If G were equal to G, - G; - Gi, all the transforms of this 
product under the symmetric group of order 120 would also 
be equal to G. Since all the subgroups of order 4 in G are 
conjugate, we may select any one of these five subgroups for 
G,. If we represent G as the alternating group of degree 5, it 
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may therefore be supposed that 
G, = 1, (ab)(ed), (ac)(bd), (ad) (be). 


The substitutions which transform both G and G, into 
themselves transform also the six subgroups of order 5 con- 
tained in G among themselves, and hence we may assume that 


G; = 1, (abede), (acebd), (adbec), (aedcb). 


The four substitutions 1, (ad)(be), (abde), (acdb), which 
transform each of the three groups G, G2, G3 into itself, trans- 
form also the ten subgroups of order 3 contained in G into 
three complete sets of conjugates, two sets being composed of 
four subgroups each, while the remaining set involves only 
two such subgroups. Hence it remains only to prove that G 
cannot be represented by any one of the following three 
products of three Sylow cues of different orders: 


1 | 1 | 
(ab) (ed) | \(abede) | (ab) (od) (abode) 
(ac) (bd) | (acebd | (acb) (ac)(bd) | (acebd) | (aeb) 


(ad) (be) | | (adbec) | | (ad) (be) | (adbec) | 
| (aedeb) | | | (aedeb) | 


1 1 1 
(ab) (ed) | (abede) | (ade) 
(ac) (bd) | | (acebd) | (aed). 
(ad) (be) | | (adbec) 


| (aedcb) 


The fact that none of these products represents 60 distinct 
operators results immediately from the following equations: 


(ac) (bd) (abede)(acb) = (adbec), (ac)(bd)(aeb) = (acebd), 
(ac) (bd) (abede) (ade) = (aedcb). 


Hence it results that the substitutions on G;, Go, G3 which 
transform the product G; - G2 - Gs into itself do not constitute a 
group.* The theorem stated at the beginning of this section, 
relating to all the substitutions which transform a given func- 


* This theorem is closely related to the theorem that all the substitutions 
which transform a function into those having the same numerical value do 
not always constitute a group. 
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tion into itself, applies therefore only to a special class of func- 
tions. In particular, it applies to the formal values of rational 
functions of the roots of an equation. In fact, it was first 
formulated with a view to these functions. 


§3. Groups which are Products of Sylow Subgroups. 


The illustrative example above directs attention to groups 
which are the product of non-conjugate Sylow subgroups.* 
It is evident that every group whose order is of the form 
pq’, p and q being prime numbers, is the product of any two 
arbitrary Sylow subgroups of orders p* and q® respectively. 
On the other hand, the icosahedral group is the product of 
Sylow subgroups provided these subgroups occur in a given 
order and have been properly chosen. The question whether 
a group is a product of Sylow subgroups or does not have this 
property is, in general, very complex when the number of the 
distinct prime factors of the order of the group exceeds two. 
Even in the case when the number of these factors is only 
three there are great difficulties. We proceed to give a few 
theorems relating to this case. 

Suppose that the order of G is p*q°r’, where p, q, r are three 
distinct prime numbers, and let G,, G., G; be three Sylow 
subgroups of orders p*, g°, r’ respectively. From the facts 
that the two double co-sets G,3,G3; and G,%.G3, where s; and S- 
are any operators of G, either have no operator in common or 
have all their operators in common, and that the number of 
the distinct operators in each of these double co-sets is a 
multiple of each of the numbers p* and r’, it results that 
the number of the distinct operators in G, - G2 - G3 is always of 
the form p*q’r’ — kp*r’. 

A necessary and sufficient condition that G = G, - G2 - G3 
is that k = 0 in the formula which closes the preceding para- 
graph, and a necessary and sufficient condition that this 
k = 0 is that the equation G,sG; = s has exactly q® solutions 
when s represents successively each of the operators of G2 
once and only once. In other words, a necessary and suffi- 
cient condition that k = 0 is that G,sG; = s, where s represents 
any operator of G2, can be solved only when the operators from 
G, and G; are both identity. If G,sG; has exactly n operators 


* Some properties of these groups re —— by E. Maillet, Bull. 
Soc. Math. de France, vol. 28 (1900), p. 7 
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in common with G2, s being some operator of G2, then each 
of these n operators occurs exactly n times in G, - G2 - G;. 
In fact, each of the p*r’ distinct operators of G,sG; occurs 
exactly n times in G, - G. - G3. Hence 


—1 NM — 1 n—1 


Ny 


where m, (a = 1, 2, ---, X) is the exact number of the distinct 
operators of G, which occur n, times in G, - G,- G3. It is 
clear that m, is always a multiple of n,. 

If G is any solvable group, it is known that we reach 
identity by forming the successive commutator subgroups, 
and that the group H which precedes identity in this series 
of commutator subgroups is an invariant abelian sub-group 
of G. If we can prove that @ is a product of non-conju- 
gate Sylow subgroups, provided we assume that the quotient 
group G/H has this property, we can evidently establish by 
complete induction that every solvable group is a product of 
Sylow subgroups. 

Suppose that G/H is the product of non-conjugate Sylow 
subgroups. To every Sylow subgroup of order p* in G/H 
there corresponds at least one Sylow subgroup of order p® in 
G. If we select any set of Sylow subgroups of G which 
correspond, in order, to the set of such subgroups whose 
product is G/H, we evidently obtain a set of non-conjugate 
Sylow subgroups of G whose product, in order, constitutes all 
the operators of G. Hence we have established the interesting 
theorem: Every solvable group is the product of non-conjugate 
Sylow subgroups, and the order of the factors in this product is 
arbitrary. 

While every solvable group is the product of non-conjugate 
Sylow subgroups, it is not true that a group which is a product 
of non-conjugate Sylow subgroups is always solvable, as may 
be seen from the case of the icosahedral group cited above. 
A more interesting example is furnished by the simple group 
of order 360, whose non-conjugate Sylow sub-groups are of 
orders 5, 8, 9 respectively. Although this group does not 
contain a subgroup whose order is the product of two of the 
orders of its Sylow subgroups, yet it is possible to find three 
non-conjugate Sylow subgroups such that their product gives 
this group. In fact, it is not difficult to verify that the fol- 
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lowing product gives this simple group in the form of the al- 
ternating group on six letters: 


1 i 1 
(beedf) (ab)(cd) (acf) 
(befed) (ac)(bd) (afc) 
(bdefe) (ad) (be) (bde) 
(bfdec) (ac) (ef) (acf)(bde) 
(bd) (ef) (afc) (bde) 
(abed) (ef) (bed) 
(adeb) (ef) (acf) (bed) 
(afc) (bed). 


It is not possible to select three non-conjugate subgroups 
G,, G2, G; such that the simple group G of order 360 is their 
product, if the middle factor is either of order 5 or of order 9. 
That is, if G = G, - G, - G3, it is necessary that the order of 
G. is 8. Hence the product G, - G, - G; = G@ is trans- 
formed into itself only by the substitution (G,G;) and identity. 
The substitutions which transform this product into itself 
must therefore constitute a group. The proof of the fact, 
stated above, that G cannot be the product of three non- 
conjugate Sylow subgroups if the order of the middle factor 
is either 5 or 9, is not difficult when G is represented as the 
alternating group on six letters, but it is somewhat long and 
hence we omit it. 

The preceding results give rise to two important questions 
which remain unanswered. The first of these may be stated 
as follows: Is there a simple group of composite order which 
is the product of each one of its possible sets of non-conjugate 
Sylow subgroups? If this question can be answered nega- 
tively, then it follows from what precedes that a necessary and 
sufficient condition that a group is solvable is that it is the 
product of each one of its possible sets of non-conjugate 
Sylow subgroups, taken in every possible order. It is evident 
that the simple group of order 168 is the product of some sets 
of non-conjugate Sylow subgroups taken in any one of the 
six possible orders, but it is not the product of every possible 
set of non-conjugate Sylow subgroups, since it contains two 
operators of orders 2 and 3 respectively whose product is of 
order 7, as was observed by Dyck.* A group which is the 
product of each one of its possible sets of non-conjugate Sylow 


'* Dyck, Math. Annalen, vol. 20 (1882), p. 41. 
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subgroups cannot involve two operators whose orders are 
powers of prime numbers and whose product has an order 
which is a power of another prime number. In particular, 
a solvable group cannot involve two such operators. 

The second question to which we referred above is as 
follows: Is there a group which is not the product of some 
one of its possible sets of non-conjugate Sylow subgroups? 
It is well known that a necessary and sufficient condition that 
a group is the direct product of its Sylow subgroups is that we 
arrive at identity by forming the successive groups of inner 
isomorphisms, but no general criterion as regards whether 
a group is a product of a set of non-conjugate Sylow sub- 
groups seems to have been found. 


THE MATHEMATICS OF MAHAVIRACARYA. 


The Ganita-Sara-Sangraha of Mahaviracarya with English 
Translations and Notes. By M. RancAcArya, M.A., Rao 
Bahadur, Professor of Sanskrit and Comparative Philology 
in the Presidency College, and Curator of the Government 
Oriental Manuscripts Library, Madras. Sanskrit text and 
English translation. Madras, Government Press, 1912. 
27+325 pp. 


Ir was announced at the Fourth International Congress of 
Mathematicians, at Rome, in 1908, that Professor Rangacarya 
had for a number of years been engaged in the laborious task 
of translating a work of great importance in the history of 
mathematics, the Ganita-Sara-Sangraha of Mahavir the 
Learned. Now, after four years more, the work has been 
brought to completion, and the mathematical world is the 
debtor to Professor Rangacarya for his arduous labor and to 
the Government Press for publishing the volume that is 
before us. 

We have so long been accustomed to think of Pataliputra on 
the Ganges and of Ujjain over towards the western coast of 
India as the ancient habitats of Hindu mathematics, that 
we experience a kind of surprise at thinking that other centers 
equally important existed among the multitude of cities of 
that great empire. We have known for a century, thanks 
chiefly to the labors of such scholars as Colebrooke and Tayler, 
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the works of Aryabhata, Brahmagupta, and Bhaskara, and 
have come to feel that to these men alone are due the note- 
worthy contributions to native Hindu mathematics. Of 
course a little reflection shows this conclusion to be an incorrect 
one. Other great schools, particularly of astronomy, did exist, 
and other scholars taught and wrote and added their quota, 
small or otherwise, to make up the sum total. It has, how- 
ever, been a little discouraging that native scholars under the 
English supremacy have done so little to bring to light the 
ancient material known to exist, and to make it known to the 
Western world. This neglect has not been owing to the lack 
of material, for Sanskrit manuscripts are known, as are also 
Persian and Arabic and Chinese and Japanese, that are well 
worth translating, from the historical standpoint. It has 
rather been owing to the fact that it is hard to find a man like 
Professor Rangicarya, with the requisite scholarship, who 
could afford to give his time to what is necessarily a labor 
of love. 

Mahiviracarya probably lived in the court of one of the 
old Rashtrakiita monarchs who ruled over what is now the 
kingdom of Mysore, and whose name is given as Amoghavarsha 
Nirpatunga. He ascended the throne in the first half of the 
ninth century A. D., so that we may roughly fix the date of 
the treatise in question as about 850, or between the dates of 
Brahmagupta and Bhaskara, though nearer to the former. 
There are four or five manuscripts of this author’s work 
known, three of the oldest being in Madras. One of the 
Madras copies is written on paper in Grantha characters and 
contains the first five chapters. The other two are written 
on palm leaves in the Kanarese characters used in Mysore in 
Mahaviracarya’s time. In all cases the lauguage is Sanskrit. 
There is another manuscript in Kanarese characters at Mysore, 
and still another in a Jaina monastery at Mudbidri in South 
Canara. All of these have been used in making the trans- 
lation, and all were necessary in the reading and in arriving 
at the meaning of many of the obscure passages. 

In general it may be said that Mahaviracarya seems to have 
known the work of Brahmagupta. It would have been 
strange if this were not so, for the Brahmasphutasiddhanta 
was probably generally recognized in his time as a standard 
authority. Mahaviracirya seems to have made the effort to 
improve upon the work of his predecessor, and certainly did so 
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in his classification of the operations, in the statement of rules, 
and in the nature and number of problems. As a result his work 
became well known in southern India, although there is no 
definite proof that Bhaskara, living in Ujjain, far to the north, 
was familiar with it. The work itself consists of nine chapters. 
The first is introductory, and contains seventy stanzas on 
terminology. It opens, as is usual in oriental treatises, 
with an invocation, in this case apparently to the author's 
patron deity: “Salutation to Mahavira, the Lord of the 
Jinas, the protector (of the faithful), whose four infinite 
attributes, worthy to be esteemed in (all) the three worlds, 
are unsurpassable (in excellence). I bow to that highly- 
glorious Lord of the Jinas, by whom, as forming the shining 
lamp of the knowledge of numbers, the whole of the universe 
has been made to shine.” This is followed by “An appreci- 
ation of the Science of Calculation” of which I venture to 
quote three stanzas: “In all those transactions which relate 
to worldly, Vedic, or (other) similar religious affairs, calcu- 
lation is of use. In the science of love, in the science of 
wealth, in music and in the drama, in the art of cooking, and 
similarly in medicine and in things like the knowledge of 
architecture: in prosody, in poetics and poetry, in logic and 
grammar and such other things, and in relation to all that 
constitutes the peculiar value of (all) the (various) arts; the 
science of computation is held in high esteem.” The termin- 
ology relates chiefly to the measures used, the names of the 
operations, numeration, and negatives and zero. Of the oper- 
ations with numbers, eight are given, addition (except in 
series) and subtraction (even with fractions) being omitted 
as if presupposed. One interesting feature is the law relating 
to zero, which is stated thus: “A number multiplied by zero 
is zero, and that (number) remains unchanged when it is 
divided by, combined with, (or) diminished by zero.” That 
is, the law-known to Bhaskara, of dividing by zero, is not here 
recognized, division by zero being looked upon as of no effect. 
The law of multiplication by negatives is stated, and the 
imaginary number is thus disposed of: “As in the nature of 
things a negative (quantity) is not a square (quantity), it 
has therefore no square root.” 

The second chapter treats of arithmetical operations, the 
first being multiplication, and this being followed by division, 
squaring, square root, cubing, cube root, summation of series, 
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in which is included some treatment of arithmetical and 
geometrical progressions, and Vyutkalita (that is, the sum- 
mation of a series after a certain number of initial terms, 
ista, have been cut off). 

Chapter III treats of fractions, following the same order as 
Chapter II. The most noteworthy feature is that relating 
to the inverted divisor, which is set forth as follows: “ After 
making the denominator of the divisor its numerator (and 
vice-versa), the operation to be conducted then is as in the 
multiplication (of fractions).” It is curious that this device, 
which from another source we know to have been used in the 
East, became as it were a lost art until rediscovered in Europe 
in the sixteenth century. 

Chapter IV consists of miscellaneous problems in fractions, 
which, however, include certain questions involving quadratic 
equations. For example: “One fourth of a herd of camels 
was seen in the forest; twice the square root (of that herd) had 
gone on to mountain slopes; and three times five camels 
(were), however, (found) to remain on the bank of a river. 
What is the (numerical) measure of that herd of camels?” 
This evidently requires the finding of the positive root of the 
equation 42 + 2V 2+ 15 = 2, or, in general, the solution of 
an equation of the type z — (bz + cVx-+ a) = 0, the rule 
for which is given. The chapter also contains various other 
types of equations involving some knowledge of radical 
quantities. 

Chapter V relates to. the rule of three, simple and com- 
pound, direct and inverse, with applications to interest, barter, 
and mensuration. 

Chapter VI is entitled “ Mixed Problems,” and is interesting 
from the considerable use made of rules that would now be 
expressed in algebraic formulas, particularly with reference 
to the various computations of interest and to the solution 
of indeterminate equations. 

Of the latter a single example may suffice to show the nature 
of the problems. “Into the bright and refreshing outskirts 
of a forest, which were full of numerous trees with their 
branches bent down with the weight of flowers and fruits, 
trees such as jambu trees, lime trees, plantains, areca palms, 
jack trees, date palms, hintala trees, palmyras, punnaga trees, 
and mango trees—(into the outskirts), the various quarters 
whereof were filled with the many sounds of crowds of parrots 
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and cuckoos found near springs containing lotuses with bees 
roaming about them—(into such forest outskirts) a number 
of weary travellers entered with joy. (There were) sixty- 
three (numeriéally equal) heaps of plantain fruits put together 
and combined with seven (more) of those same fruits, and 
these were equally distributed among twenty-three travellers 
so as to have no remainder. You tell me now the numerical 
measure of a heap of plantains.” Problems of this sort are 
solved by a process of calculation known as Vallika-Kuttikara, 
a kind of division or distribution employing a creeper-like 
chain of figures, and the patience shown by Professor Ranga- 
carya in interpreting the long and complicated rule will strike 
the reader of this work as worthy of the highest praise. 

A complex kuttikara, known as Sakala-kuttikara, is also 
given, an example of which is as follows: “A certain quantity 
multiplied by six, then increased by ten, and then divided by 
nine, leaves no remainder. Similarly, a certain other quantity, 
multiplied by six, then diminished by ten, and then divided 
by nine, leaves no remainder. Tell me quickly what these 
two quantities are which are to be multiplied (by the given 
multiplier here).”” The case has no new interest, however, 
since it resolves itself into two simple problems, $(62 + 10) = 
integer, and $(62 — 10) = integer, instead of the problem 
(ax + by)/e = integer. Cases, however, of the type az + by 
+cz+dw=p, ta=n, are given, and others involving 
several variables. 

A single example will suffice to show their general nature: 
“Four merchants who had invested their money in common 
were asked, each separately, by the customs officer what the 
value of the commodities was, and indeed one eminent. mer- 
chant among them, deducting his own investment, said that it 
was twenty-two; then another said that it was twenty-three; 
then another, twenty-four; and the fourth said that it was 
twenty-seven, each of them deducting his own invested 
amount. O friend, tell me separately the value of the com- 
modity owned by each.” This is of course determinate. 

Chapter VII relates to the measurement of areas, and 
naturally reminds one of a similar chapter in Brahmagupta. 
It is, however, distinctly in advance of the latter. Mahavir 
makes the same mistake as Brahmagupta with respect to the 
formula for the area of a trapezoid, in that he does not limit 
it to a cyclic figure. The same error enters into his formula 
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for the diagonal of a quadrilateral, which he gives as 


(ac + bd)(ab + ed) (ac + bd)(ad + be) 
N ad + be ag ab + cd 


For z he uses V 10, a common value all through the East and 
also in medieval Europe, although Aryabhata* had long before 
this time given the approximation 62832/20000 = 3.1416. 
Bhiaskara had also given the latter value, in the reduced form 
3927/1250. 

Chapter VIII relates to “calculations regarding excava- 
tions,” a common title in India for the treatment of the 
mensuration of solids. The rule for the sphere is interesting. 
The approximate value is given as $(d/2)’, and the accurate 
value as ;'5 - $(d/2)*, which means that 7 must be taken as 
3.03%, which is somewhere near V 10. 

Chapter IX relates to shadows, the primitive trigonometry 
of the gnomon. 

Professor Rangacarya has added to the value of the work 
by an extensive appendix in which he gives the Sanskrit 
numeral words; the Sanskrit words used in the translation, 
with an explanation of their meaning,—a most helpful list; 
the answers to all of the problems; and the tables of measures 
used in the work. 

Such is a brief outline of the work. It is sufficient, however, 
to show that we shall have, in Professor Rangicarya’s labors, 
the most noteworthy single contribution to the history of 
Hindu mathematics that has been made for nearly a century. 
What light it will throw upon the relation of Bhaskara’s 
Lilavati to works of his predecessors, upon the relation of the 
schools of Pataliputra and Ujjain to each other and to that 
of Mysore, upon the knowledge of Greek mathematics in the 
East, and upon the state of algebra in India at about the time 
that Al-Khowarazmi was writing his Al-jebr w’al-muqabala 
in Baghdad, it is impossible as yet to say. 

Davin Situ. 


* Mr. Kaye thinks a later mathematician of the same name. 
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SHORTER NOTICES. 


First Course in Calculus. By E. J. TowNsenp, Professor of 
Mathematics, and G. A. GoopENoucn, Professor of 
Mechanical Engineering, University of Illinois. New 
York, Henry Holt and Company, 1908. xii + 466 pp. 


Essentials of Caleulus. By the same authors and publishers, 
1910. xii+355 pp. 


Tue larger of these books is intended as a text in calculus 
in courses given to engineering and college students in our 
stronger universities and technical schools. In preparing 
the smaller volume “the authors have had in view the needs 
of those colleges and technical schools in which the time 
devoted to calculus is limited to a three-hour course for a 
year. 

These books are sufficiently alike to permit of a common 
characterization. They are perhaps unique among our texts on 
the calculus in that they are a collaboration by a pure mathe- 
matician and a mechanical engineer. The result is “that more 
attention is given to elementary applications to mechanics 
than is usual and perhaps less to geometry, it being the thought 
of the authors that the two should stand in about the same 
relative importance.” However “the attempt has been 
made to select such problems and applications as arise in 
actual practice of an engineer without introducing technical 
difficulties beyond the experience of the average sophomore 
student who has had the usual course in high school physics. 
The book has not been written, however, solely from the point 
of view of the engineer. The applications are such as the 
general student will find both helpful and stimulating in 
showing the broad use of the calculus in practical problems.” 

On reading these volumes these claims of the authors 
seem to be well borne out. To a teacher who is asked many 
times each year “what is the use of all these theorems and 
processes?” such applications will be most welcome. The 
authors have avoided one of the commonest pitfalls, viz., the 
introduction of real applied problems which are too difficult in 
their essential character, or which are so long and bungling in 
statement as entirely to discourage the student and thus to 
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serve no good purpose whatever except in case of the most 
brilliant students. 

This idea of exhibiting the calculus to the beginner in its 
many and varied uses has largely determined the character 
of the books. Thus integration is begun unusually early. 
“The book has not been divided into differential and integral 
calculus. The student is made familiar with integration as 
soon as he learns to differentiate, thus making it possible to 
introduce early a broader field of simple applications of the 
calculus.” 

In general the more difficult parts come late in the book. 
The arrangement is pedagogical rather than logical,—but 
not illogical. Thus series and expansion of functions begin 
on page 310 in the larger book and on page 291 in the smaller. 
Still later comes a general treatment of indeterminate forms, 
plane curves with such topics as order of contact, osculating 
circles, envelopes, evolutes, singular points, and a brief chapter 
on differential equations. Special methods of integration are 
scarcely touched. Envelopes and order of contact are 
entirely omitted in the smaller volume. Functions of two 
variables are treated more fully than usual on account of the 
many important applications. 

The authors have set out to do a perfectly definite thing. 
What is uppermost in their minds is not the calculus as an 
abstract science with the traditional grouping of subjects and 
distribution of emphasis. It is rather such a science plus 
the young student of average caliber who meets it for the first 
time and whose interest it is sought to engage. The inclusion 
and exclusion of subject matter and the distribution of 
emphasis is determined rather by what are thought to be the 
needs and capacities of such students than by any a priori 
notion as to what logically belongs to a first course in calculus. 

Effort is made to develop the theory in the form and 
terminology which is in constant use by those who are applying 
the calculus to practical ends. A good example of this is 
§ 128 of the Essentials of Calculus, which deals with exact and 
inexact differentials. These are treated in a manner which 
falls directly into use in physics and thermodynamics. 

Considered as a whole the authors have done a distinctive 
piece of work which is bound to influence teaching and the 
future editions of texts. 

N. J. LENNEs. 
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Vorlesungen iiber Differential- und Integral-Rechnung. By 
Dr. Orro Dziosex. Leipzig, Teubner, 1909. x+648 pp. 
In comparison with American texts on the differential and 

integral calculus this volume of 648 pages bulks rather large. 

Being a compilation of class lectures, with such fulness of 

explanatory and pedagogic matter as characterizes German 

teaching practice, accounts for most of the bulkiness. The 
treatment organizes the matter into three books. 

The first is an introduction to differential and integral 
calculus, of 164 pages; the second, of 246 pages, is on differential 
calculus, and the third, of 191 pages, treats integral calculus. 
This, with an introduction, table of contents, and an appendix 
of 38 pages on solutions of the more difficult problems and 
exercises of the text, completes the work. 

Book I again falls into three parts, viz., calculus of differ- 
ences, introduction to function theory, and the development 
of the concept of continuity. 

Book II, also of three parts, treats the fundamental notions 
of the differential calculus, leading applications of the differ- 
ential calculus, and the analytical development of functions. 

Book III treats the ground formulas of integral calculus, 
systematic integration of standard functional forms, and a 
little of differential equations. 

The work is illustrated with 150 excellent figures. This 
remark must not be omitted in commenting on a German text. 

This is about the kind and scope of work in the differential 
and integral calculus that the German military academies 
require of their students. These students are studying the 
subject for its practical uses, and not as a principal subject. 
This treatment is, however, sufficiently rigorous for a first 
course. 

The aforesaid seeming bulkiness of the work is due to the 
fact that it is essentially the author’s customary course of 
lectures. Furthermore, many delicate or more difficult points 
are very fully explained and copiously illustrated in the 
interest of beginners. In the reviewer’s opinion this matter 
has been rather overdone. Also, for the sake of somewhat 
greater completeness than is practicable in a lecture course, 
some fuller developments and more numerous glimpses into 
neighboring and higher fields are given in the printed book 
than a lecture course could always contain. Since the 
lecturer’s audience consists of technological students, much 
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care is taken with the applications. These are unusually 
numerous and excellent for the purpose intended, and very 
many of them are solved in detail in the text. This makes 
the book easy reading and adapts it to self-study for one who 
wants a modern and rigorous practical grounding in this most 
important branch. 

As was suggested above, more might well have been left 
for the student to do; but with large classes and meager time 
allowance, of course, the German professor would feel this 
procedure very doubtful and dangerous. Then there is a 
liberal number of problems that are not worked out, distrib- 
uted in well-chosen places, on which the student may develop 
“mental muscle.’ The treatments of continuity, limit, 
integration, the indeterminate forms, convergency and diver- 
gency, if not concise, are clear, strong, and practical. On the 
whole, fulness is a close concomitant of clearness, and sound- 
ness. Fulness is not in this case wordiness, but conscientious 
didactics. It is in the interest of guaranteeing insight. 
Bulkiness therefore, if a fault at all here, at least leans to the 
side of virtue. Every teacher of calculus to collegiate sopho- 
mores would do well to have this book at hand for problem 
material, for pedagogic suggestion, and for inspiration. 

The few trivial errors that have appeared, all of them typo- 
graphical, are not worth mentioning. The publisher might 
well be commended for the excellence of his work, if his name 
were not already a sufficient guarantee of typographical 
excellence. The binding is however decidedly frail for so 
heavy a book. 

G. W. Myers. 


Wahrscheinlichkeitsrechnung. Von Prof. Dr. Franz Hack. 
Leipzig, Teubner, 1911. 122 pp. 


Tuis is a worthy sample of the Sammlung Géschen, covering 
in six parts the fundamentals of the calculus of probabilities. 
The treatment is rather too condensed for the very beginner, 
but is well adapted to the reader who has once learned the 
elements and, having grown a little rusty on reasons, wishes 
to recover enough of the theory to make rational use of it. 

The first part is on the basic theory; the second, on appli- 
cations of the theory to special problems; the third, on the 
laws of large numbers; the fourth, on a comparison of the 
theory of probability with experience; the fifth, on the theory 
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of errors of observation; and the sixth, on the application of 
the calculus of probabilities to statistical matters. An 
appendix contains a table of values of the probability integral 
and a brief mortality table. 

Works on this subject seem just now to be attracting little 
interest in America. When American students of mathe- 
matics learn to take mathematical studies as seriously as do 
German students, American colleges and universities will 
hardly care to continue to slight the calculus of probabilities, 
as is now being too generally done. Still may it not be worth 
while to remark the duty of our college and university curricula 
to lead rather than to follow the trend of mathematical events? 

The general slighting of this very practical field of mathe- 
matical theory is perhaps only a phase of the very prevalent 
neglect in America, both in universities and in the professions, 
of most mathematical interests beyond the rudiments and 
the demands of professional practice. 

When we have become so many-sided in our mathematical 
appreciations and interests as to include the all-around 
utilities as well as the logical perfection of the science, we shall 
see less to jeer at in the appearance from the German press of 
one or more books every year dealing with probabilities, least 
squares, etc. The more or less empirical character of these 
subjects is no sufficient ground for our general neglect of them. 

This little book will be a handy reference book to the actual 
user of least square adjustments. With a modicum of 
mathematical training even a beginner in this theory would 
find the little volume highly useful. 

The typography and page arrangement are up to the 
standard of the Géschen collection, and no errors of sig- 
nificance in either form or substance have been found. Of 
course, no extended view of the subject can be given in a 
hundred and twenty-two small pages, but the standard liter- 
ature of the subject is cited with discrimination and some 
fulness in a condensed bibliography on page six and in foot- 
notes throughout the book. Of course, European conti- 
nental literature-is regarded as sufficient by the author, 
though there is some cause for complaint that the applications 
of the theory by Galton and Pearson in England to statistical 
and inheritance questions have received not even the con- 
sideration of a footnote reference. 

G. W. Myers. 
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Das Relativititsprinzip. Eine Einfiihrung in die Theorie. 
Von A. Britt. Leipzig, B. G. Teubner, 1912. 34-28 pp. 
Tuts short brochure by Brill is merely a reprint of his article 

in volume 21 of the Jahresbericht der deutschen Mathematiker- 

Vereinigung, with a short preface, table of contents, and index 

added. The treatment is mathematical and didactic, without 

pretense of originality, and directed toward giving a brief 
account of the kinematics and dynamics of a particle from the 
point of view of relativity; electromagnetic phenomena and 
the theory of radiant energy are omitted.* It will doubtless 
be advantageous to many to be able to procure the reprint 
separately; but it is a rather doubtful policy for any journal 
to undertake to review such brochures, no matter how valuable 
they be. 

E. B. Wison. 


Vorlesungen iiber technische Mechanik. Von A. FOprt. 
Erster Band: Einfiihrung in die Mechanik. 4te Auflage. 
Leipzig, B. G. Teubner, 1911. xv-+424 pp. 

Except for a more elaborate treatment of friction and a 
few minor changes, the fourth edition of the first volume of 
Féppl’s lectures on mechanics does not differ from the second 
edition. Even figure 7, page 71, remains blocked on the wrong 
line. It will therefore be sufficient merely to cite our earlier 
reviews.} 

E. B. Witson. 


Die Theorie der Wechselstréme. Von E. Oruicu. Leipzig, 
B. G. Teubner, 1912. 94 pp. 


Tuis is the twelfth tract iz Jahnke’s series of Mathematisch- 
Physikalische Schriften fiir Ingenieure und Studierende. It 
contains that sort of treatment of alternating current phe- 
nomena for which we in America look to the works of Stein- 
metz. The work is elementary and straightforward. The 
algebra of rotating vectors and the geometrical representations 


* The reader who desires to see these matters treated by four-dimen- 
sional, non-euclidean, vectorial methods may consult Wilson and Lewis, 
“Relativity, ” Proceedings of the American Academy of Arts and Sciences, 
volume 48, pp. 389-507. 

+ This Bune, volume 9, pp. 25-35, volume 13, p. 520, volume 17, 
p. 548. 
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therewith connected are carefully explained. There is a 
treatment of the elements of Fourier series, from the practical 
rather than theoretical point of view. Single phase and mul- 
tiple phase systems are discussed. At the close there are a 
few words about skin effect. The work will appeal to engineers 
more exclusively than many of the other texts in the series. 


E. B. WItson. 


NOTES. 


THE opening (January) number of volume 35 of the Ameri- 
can Journal of Mathematics contains the following papers: 
“Groups containing a given number of operators whose orders 
are powers of the same prime number,” by G. A. MILLER; “Nor- 
mal congruences determined by centers of geodesic curvature,” 
by F. W. Beat; “A theory of geometrical relations—con- 
tinued,” by A. R. ScowertzER; “The double tangents of a 
binodal quartic,” by H. Bateman; “Involutorial transforma- 
tions,” by F. M. Morean; “A theorem for the development 
of a function as an infinite product,” by A. F. CARPENTER. 

The frontispiece of the volume is a portrait of CAMILLE 
JORDAN. 


At the January meeting of the London mathematical society 
the following papers were read: By J. C. Fretps, “Proofs of 
certain general theorems relating to orders of coincidence”’; 
by W. E. H. Berwick, “The reduction of ideal numbers”; 
by A. E. H. Love, “Notes on the dynamical theory of tides”; 
by W. H. Youne, “Uniform oscillation of the first and second 
kind”; by H. Bateman, “Some definite integrals occurring 
in the harmonic analysis connected with a circular ring.” 


Tue United States Bureau of Education has just published 
a Bibliography of The Teaching of Mathematics covering the 
period from 1900 to 1912, by EucEene Smirx and 
CHARLES GoLpzIHER. This Bulletin gives 1849 titles of books 
and articles on the teaching of mathematics that have ap- 
peared since 1900. The Bulletin will be sent gratis upon ap- 
plication to the United States Commissioner of Education, 
Washington, D. C. 
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THE university court of the University of Edinburgh has 
made a grant of funds for the establishment of a laboratory 
for practical training in mathematics and also as a research 
institution. This laboratory, which is believed to be the first 
of its kind in a British university, will be under the direction 
of Professor E. T. 


THE commission for the Wolfskehl foundation announces 
the following series of lectures in the field of the kinetic theory 
of matter, to be delivered in Géttingen during the week begin- 
ning April 21: M. Piancx, “Gegenwartige Bedeutung der 
Quantenhypothese fiir die Gastheorie.” P. Deny, “Die 
Zustandsgleichung auf Grund der Quantenhypothese.” W. 
Nernst, “Kinetische Theorie der festen K6rper.” M. v. 
“Giiltigkeitsgrenzen des zweiten Hauptsatzes 
der Wiarmetheorie.” A. SoMMERFELD, “Probleme der freien 
Weglinge.” H. A. Lorentz, “Anwendung der kinetischen 
Methoden auf Elektronenbewegung.” 


THE Enseignement Mathématique offers for sale enlarged 
copies (25 x 32 cm.) of the portrait of Henr1 Porncar£ which 
appeared in the January issue of that journal. The price is 
3 fr. 25. Orders should be addressed to the Enseignement 
Mathématique, Florissant 110, Geneva, Switzerland. 


Tue Paris academy of science has divided its grand prize 
in the mathematical sciences between PrerRE Bovurrovux, 
JEAN CuHazy, and René Garnier. The Lalande prize in 
theoretical astronomy was awarded to H. Kosotp and C. W. 
Wirtz for their work on the determination of the motion of 
nebule, and HENr1 LEBESGUE received one of the Houllevigue 
prizes. 


In addition to its annual prizes in spécial and general fields, 
the Paris academy of science announces the following subjects 
for certain of its prizes: The grand prize in the mathematical 
sciences will be awarded in 1914 for the solution of the problem: 
“To perfect the theory of functions of one variable which 
may be represented by trigonometric series whose arguments 
are linear functions of the variable.” Important applications 
in mathematical physics and celestial mechanics are desired. 
The Boileau prize for 1915 will be awarded for “researches 
on the theory of the motion of fluids, judged to contribute 
to progress in hydraulics.” 
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A new annual prize of 2500 fr., to be known as the “ Henri 
de Parville prize” will be awarded for the first time this year, 
for “the most worthy scientific work which has appeared: 
either a book on original science or scientific popularization.” 


Tue University of St. Andrews has conferred its honorary 
doctorate on Professor G. CANTOR, of the University of Halle. 


THE University of Oxford has conferred its honorary doc- 
torate in science on Professor E. W. Hopson, of the University 
of Cambridge. 


Dr. A. D. Ross, of the University of Glasgow, has been 
appointed to the chair of mathematics and physics in the 
University of West Australia. 


Proressor P. STaEcKEL, of Karlsruhe, has accepted a pro- 
fessorship in mathematics at the University of Heidelberg. 


Proressor R. Fueter, of Basle, has been appointed to 
succeed Professor Staeckel at Karlsruhe. 


Proressor H. Retssner, of Aachen, has been appointed 
professor of mechanics and graphical statics in the technical 
school in Berlin. 


PROFESSOR FRIEDRICH ENGEL, of the University of Greifs- 
wald, has accepted a call to the University of Kiel. 


Proressor J. Horn, of Darmstadt, has been appointed 
professor of mathematics at the University of Giessen, as suc- 
cessor of Professor E. Netto, who has retired from active 
service. 


Proressor R. Rorue, of Clausthal, has been appointed 
professor of advanced and applied mathematics in the technical 
school in Hannover. 


At the University of Géttingen, Dr. O. ToEptitz has been 
promoted to an associate professorship in mathematics, 


Proressor F. Enriques, of the University of Bologna, 
has been elected member of the Italian society of science 
(the XL) and Professor E. Picarp, of the University of Paris, 
has been chosen foreign associate of the same society. 


Proressor D. HitBert, of the University of Géttingen, 
has been elected an associate member of the royal academy of 
Belgium. 
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By special invitation Dr. A. R. Forsyrna is delivering a 
course of sixteen lectures on the theory of functions of two 
or more complex variables at the University of Calcutta. 
It has been announced that the lectures will be published in 
book form later. 


Proressor Oskar Bouza, of the University of Freiburg, 
will give courses of lectures on the theory of functions and on 
linear integral equations at the University of Chicago through- 
out the coming summer quarter. 


Mr. W. C. GRAUSTEIN, now studying at Bonn as Sheldon 
fellow of Harvard University, has been appointed instructor in 
mathematics at Harvard for the academic year 1913-1914. 


Proressor J. H. TANNER, of Cornell University, has been 
granted leave of absence for the entire academic year 1913- 
1914. 


Proressor P. Gorpan, of the University of Erlangen, died 
December 21, 1912, at the age of 76 years. He had been 
professor of mathematics in the University of Erlangen since 
1875 and an associate editor of the Mathematische Annalen 
since 1873. 


Proressor G. LAvuRICELLA, of the University of Catania, 
died on January 9, at the age of 45 years. He was a member 
of the Accademia dei Lincei, and was well known for his 
researches on the integration of the equations of mathematical 
physics and on integral equations. 


Proressor H. KInKELIN, formerly professor of mathematics 
in the University of Basel, died on January 2, at the age of 80 
years. 


NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 
Batt (W. W. R.). A short account of the history of mathematics. 5th 
edition. New York; Macmillan, 1912. 12mo. 24+ 536 pp. $3.25 


Ciant (E.). Lezioni di geometria proiettiva ed analitica. Pisa, Spoerri, 
1912. 8vo. 525 pp. L. 20.00 
DinGier (H.). Ueber wohlgeordnete Mengen und zerstreute Mengen im 


allgemeinen. (Habilitationsschrift.) Miinchen, Ackermann, 1912. 
8vo. 46 pp. M. 1.20 


Ernst (E.). Mathematische Unterhaltungen und Spielereien. 2ter 
Band. Ravensburg, Maier, 1912. 8vo. 84 pp. M. 1.00 
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Fasry (E.). Problémes d’analyse mathématique. Paris, Hermann, 1912. 
8vo. 400 pp. Fr. 12.00 


Fusrni (G.). Lezioni di analisi matematica. Torino, 
nale, 1912. 8vo. 535 pp. 4.00 


Gresexinc (H.). Analytische Untersuchungen iiber 
pen. Hilchenbach, Wiegand, 1912. 8vo. 16 + 250 pp. M. 3.60 50 


(J.).. Der Fermatsche Satz. Kaiserslautern, Rohr, 1912. 


1 pp. M. 0.75 
LippMann (B.). Anmerkungen zum Beweise des Fermat’schen Satzes. 
Prag, Katz, 1912. 8vo. 10 pp. M. 0.40 
——. Beitrag zur Theorie des Fermat’schen Satzes. Prag, Katz, er 
8vo. 14 pp. M. 2.00 


Suin1 (A.). Nuovo contributo alla confutazione delle geometrie non 
euclidee coll’esame delle interpretazioni datene dal Beltrami e dal 
Poincaré. Piacenza, Porta, 1912. 8vo. 18 pp. 


II. ELEMENTARY MATHEMATICS. 


Barpey (E.). Aufgabensammlung fiir Arithmetik, Algebra und Analysis. 
Reformausgabe A. Iter Teil: Unterstufe. Leipzig, Teubner, 1913. 
8vo. 6+ 201 pp. Cloth. M. 2.00 

Becx (H.). Raumlehre. Halle, Schroedel, 1913. 8vo. 8+ 173 pp. 
Cloth. M. 2.00 

Bersano (G. B.). Algebra per le scuole tecniche. Nuova ristampa cor- 
retta. Torino, Olivero, 1912. 8vo. 176 pp. L. 2.40 


Birxien (O. T.). Formelsammlung und Repetitorium der Mathematik. 
3te, durchgesehene Auflage. (Sammlung Géschen. Neue Auflage. 
Nr. 51.) Berlin, Géschen, 1912. 8vo. 227 pp. Cloth. M. 0.80 


Contr (A.). Elementi di calcolo letterale. 3a edizione. Bologna, 
Zanichelli, 1912. 16mo. 136 pp. L. 1.20 
"‘DOLEZAL (E.). See StaMprer (S.). 


Dumont (E.). Trigonométrie rectiligne et sphérique. 2e édition, revue 
et augmentée. Bruxelles, DeBoeck, 1912. 16+ 314pp. Fr. 5.00 


Disine (K.). Einfiihrung in die Algebra. Leipzig, Janicke, 1912. = 


6 + 155 pp. M. 2 
Fatrorer (A.). Elementi di algebra. 18a edizione. Venezia, Sorteni e 
Vidotti, 1912. S8vo. 435 pp. L. 3.00 


——. Elementi di geometria. 18a edizione. Venezia, Sorteni e Vidotti, 
1912. 8vo. 533 pp. L. 4.00 
FEeNKNER (H.). Mathematisches Unterrichtswerk. Ausgabe A. 4ter 
Teil: Analytische Geometrie. Berlin, Salle, 1912. 8vo. 8 + 220 
pp. M. 2.80 


Frrz-Patrick (J.). Exercices d’arithmétique. Avec préface de J. Tan- 
nery. 3e édition, entiérement refondue et trés augmentée. Paris, 
Hermann, 1912. 8vo. 600 pp. Fr. 10.00 


Frattini (G.). Lezioni di algebra, geometria e trigonometria. Volume 
2a edizione. Torino, Paravia, 1912. 8vo. 227 pp. L. 4.00 


Gecx (C.). Drehbare logarithmische Rechenscheibe. Gronau, Schievink, 
1912. 8vo. 7 pp. M. 3.00 
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Hartt (R. H.). Lehrbuch der ebenen Trigonometrie. 3te Auflage. 
Wien, Deuticke, 1912. 8vo. 5+93 pp. Cloth. M. 1.50 


Jacos (J.) und ScuirFner (R. F.). sphiarische Trigonometrie. 
Wien, Deuticke, 1912. 8vo. 4+1 M. 1.80 


— und Travnicexk (J.). der Ebene. Wien, 
Deuticke, 1912. 8vo. 4+ 115 pp. M. 2.00 


—_ — . Ebene Trigonometrie. Wien, Deuticke, 1912. 8vo. 
4+ 78 pp. M. 1.40 


Koenic (A.). Planimetrie. (Goldene Schiilerbibliothek. 41ter 
Kattowitz, Phénix-Verlag, 1912. 8vo. 123 pp. M.1 


Kurnewsky (M.). See Miier (H.). 


Massari (V.). Elementi di geometria intuitiva. Volume I. Citta di 
Castello, Lapi, 1912. 8vo. 173 pp. L. 2.00 


Miter (H.) und Kutnewsxy (M.). Aufgaben aus der Arithmetik, 
Trigonometrie und Stereometrie. 2ter Teil. 4te Auflage. Leipzig, 


Teubner, 1912. 8vo. 10+ 308 pp. Cloth. M. 3.00 
Carsoni (S.). Esercizi di geometria elementare. 2a edizione 
riveduta. Livorno, Giusti, 1913. 16mo. 8 + 170 pp. L. 1.00 


Rorurock (D. A.). Answers to the problems in the Elements of plane 
and spherical trigonometry. New York, Macmillan, 1912. 8vo. 
10 pp. Paper. $0.20 
SainTE-Lacie (A.). Notions de mathématiques. algébre, 


géométrie, trigonométrie, cinématique. Avec préface de G. Koenigs. 
Paris, Hermann, 1912. 8vo. 480 pp. Fr. 7.00 


ScHIFFNER (R. F.). See Jacos (J.). 


Scument (C.). Die Elemente der analytischen Geometrie der Ebene. 
Giessen, Roth, 1912. 8vo. 8 + 221 pp. M. 3.00 
Sxutts (G.C.). Plane and solid geometry; suggestive method. Revised 
edition. Boston, Atkinson, Mentzer & Co., 1912. 12mo. 4+ 376 
pp. Cloth. $1.25 
Sramprer (S.). Sechsstellige logarithmisch-trigonometrische Tafeln. 
Neu bearbeitet von E. Dolezal. 2ite Auflage. Ausgabe fiir Prak- 
tiker. Wien, Gerold, 1912. 8vo. 34+ 340 pp. Cloth. M. 8.00 


TRAVNICEK (J.). See Jacos (J.). 


TRENARD (M.). Géométrie. 2e et 3e années. Paris, Dunod et Pinat, 
1912. 18mo. Cartonné. Fr. 3.00 


Umuaur (K.). Mathematik und Naturwissenschaften an den deutschen 
Lehrerbildungsanstalten. (Arbeiten des Bundes fiir Schulreform. 


Nr. 3.) Leipzig, Teubner, 1912. 8vo. 4-+ 124 pp. M. 3.60 
Use of logarithms and logarithmic tables. 2d edition. New York, 
Industrial Press, 1912. 8vo. 35 pp. $0.25 


VorscuLiceE fiir den mathematischen, naturwissenschaftlichen und erd- 
kundlichen Unterricht an Lehrerseminaren. (Schriften des deutschen 
Ausschusses, 14tes Heft.) Leipzig, Teubner, 1912. 8vo. 5 > 49 pp. 

0.80 

Wenzet (G.). Lehrbuch der Arithmetik und Algebra fiir Laitinge 

6.50 


anstalten. Wien, Tempsky, 1912. 8vo. 
—. Lehrbuch der Geometrie. Wien, Tempsky, 1912. 8vo. K. 3.50 


328 NEW PUBLICATIONS. [Mar., 


(B.). Eléments de trigonométrie. Bruxelles, DeBoeck, 1912. 
2 + 92 pp. Fr. 1.35 


Ill. APPLIED MATHEMATICS. 


Apuer (A. A.). The theory of engineering drawing. New York, Van 
Nostrand, 1912. 8vo. 15+ 312 pp. Cloth. 


Bates (E. L.) and CHARLESWORTH (F.). Practical geometry and graphics. 
New York, Van Nostrand, 1912. 12mo. 8+ 621 pp. Cloth. 
$2.00 


—— — ——. Practical mathematics. New York, Van Nostrand, 1912. 
12mo. 8+ 513 pp. Cloth. $1.50 


Bogaert (E. W.). L’effet gyrostatique et ses applications. 
Dunod et Pinat, 1912. 8vo. Fr. 10.00 


Bucuwatp (E.). Einfiihring in die Kristalloptik. (Sammlung Géschen, 
Nr. 619.) Berlin, Géschen, es 8vo. 124pp. Cloth. M.0.80 


Burr (W. H.) and Faux (M.§&.). e graphic method by influence lines 
for bridge and roof ete 3d edi edition. New York, Wiley, 
1912. 8vo. 11+ 253 pp. Cloth. $3.00 


CHARLESWORTH (F.). See Bares (E. L.). 


CiancuETT! (A.). Trasporto delle coordinate geografiche; problema in- 
verso. Veroli, Reali, 1912. 8vo. 42 pp. 


Crawrorp (W. J.). Calculations on the entropy-temperature chart. 
Philadelphia, Lippincott, 1912. 12mo. 74 pp. Cloth. $1.00 


Davince (H. T.) and Hutcuinson (R. W.). Technical electricity. 2 
edition. London, Clive, 1912. 8vo. 612 pp. 5s. 6d 


Druve (P.). Lehrbuch der Optik. 3te, erweiterte Auflage, sa 
gegeben von E. Gehrke. Leipzig, Hirzel, 1912. 8vo. 16 + 548 
pp. M. 13.00 


ENcyYcLoPepie des sciences mathématiques. Edition francaise. Tome 
IV, volume 5: Systémes déformables. Fascicule 1: Notions géo- 
métriques fondamentales, par M. Abraham et P. Langevin.—Hydro- 
dynamique (partie élémentaire), par A. E. H. Love, P. Appell et R. 
Beghin. Leipzig, Teubner, 1912. 8vo. pp. 1-96. M. 3.60 

ENzYKLoPApIE der mathematischen Wissenschaften. Band V: Physik. 


lter Teil, 5tes Heft: Die Zustandsgleichung, von H. K. Onnes und 
W.H. Keesom. Leipzig, Teubner, 1912. 8vo. pp. 615-945. 


M. 10.40 

Fax (M.S.). See Burr (W. H.). 

Foscui (V.). Sul calcolo grafico del diagramma dei momenti in alcune 
travi staticamente indeterminate. Citta di Castello, Lapi, 1912. 
8vo. 10 pp. 

Frencuo (L. G.). First principles of theoretical mechanics. 3d revised 
edition. (Machinery’s reference series.) New York, Industrial 
Press, 1912. 8vo. 40 pp. $0.25 

Gepuarpt (G. F.)s Steam power plant engineering. 3d edition, revised 
and enlarged. New York, Wiley, 1912. 8vo. 30+ 902 pp. $6.00 

GEHRKE (E.). See (P.). 


Gray (A.). Electrical machine design. New York, McGraw-Hill, 1913. 
8vo. 13 + 528 pp. 


1913.] NEW PUBLICATIONS. 329 


(A.). Propriétés cinématiques fondamentales des 
Paris, Dunod et Pinat, 1912. 8vo. Fr. 16.00 


Haren (R.). Aufgabensammlung der Festigkeitslehre. Neudruck. 
(Sammlung Géschen, Neue Auflage. Nr. 491.) Berlin, Géschen, 
1912. 8vo. 89 pp. M. 0.80 


Heticau and elliptic springs. 2d edition. New York, Industrial Press, 
1912. 8vo. 48 pp. $0.25 


Houtcuinson (R. W.). See Davince (H. T.). 


Incuis (C. E.). Examples on applied mechanics and theory 
of structures. New York, Putnam, 1912. 8vo. 77 pp a 


Jamieson (A.). Elementary manual on applied mechanics. New Pe 
London, Griffin, 1912. 8vo. 452 pp. 3s. 6d. 


Knox (J.). ee on calculations. New York, Van Nostrand, 
1912. 12mo. 8+1 $1 06 


(P.). See D. v. d.). 


LoMBARD (J.). Cours de technologie. Tome II: Bois, travail mécanique. 
Paris, Dunod et Pinat, 1912. 8vo. 205 pp. Cartonné. Fr. 5.00 


Lucxse (C.E.). Engineering thermodynamics. New York, McGraw-Hill, 
1912. 8vo. 24+ 1176 pp. $8.00 


Marsa (H.W.). Industrial mathematics. New York, Wiley, 1913. 8vo. 
8 + 476 pp. Cloth. $2.00 


Martens (F. F.). Physikalische Grundlagen der Elektrotechnik. 1tér 
Band: Eigenschaften des magnetischen und des elektrischen Feldes. 

(Die Wissenschaft. Nr. 46.) Braunschweig, Vieweg, 1913. 8vo. 

13 + 245 pp. M. 8.00 


Martin (L. A.). Textbook of mechanics. Volume 4: Applied statics. 
New York, Wiley, 1913. 12mo. 12+ 198 pp. Cloth. $1.50 


Martvus (H.C. E.). Astronomische Erdkunde. Ein Lehrbuch angewand- 
ter Mathematik. Grosse Supe. 4te Auflage, mit vielen _— 
bearbeitet nach dem Stande Wissenschaft im Jahre 1911. Dres- 
den, Koch, 1912. 8vo. 20-+ 501 pp. M. 12.50 


Mavupuit (A.). Recherches expérimentales et théoriques sur la commuta- 
tion dans les dynamos a courant continu. Paris, Dunod et Pinat, 
1912. 8vo. 292 pp. Fr. 9.00 


Me.ansy (A. L.). See Unwin (W. C.). 


Merrman (M.). Elements of hydraulics; a textbook for secondary 
technical schools. New York, Wiley, 1912. 12mo. 6+ aa PP. 


Mincutn (G. M.). A treatise on hydrostatics. 2d edition, revised- 
Volume 1: Elementary. London, Frowde, 1912. 8vo. 4-+ 200 
pp. Cloth. 4s. 6d. 


—. A treatise on hydrostatics. 2d edition, revised. Volume 2: 
Advanced. London, Frowde, 1912. 8vo. 4+ 200 pp. Cloth. 6s. 


Morr (H.). Life assurance primer; the practice and mathematics of 
life insurance. 3d edition, revised and enlarged. New York, Spec- 
tator Co., 1912. 8vo. 7+ 230 pp. Cloth. $2.00 


Miter (E.). Lehrbuch der darstellenden Geometrie. 2ter Band, ltes 
Heft. Leipzig, Teubner, 1912. 8vo. 7 + 129 pp. M. 4.40 


330 NEW PUBLICATIONS. [Mar., 1913.] 


Patmer (C. I.). Practical mathematics; in 4 parts. Parts 1-2: Arith- 
metic and geometry, with applications. New York, McGraw-Hill, 
1912. 12mo. $1 50 


Percivau (A. S.). Geometrical optics. London, Longmans, 1912. 8vo. 
6 + 132 pp. Cloth. 4s. 6d. 


Perers (J.). Tafeln zur Berechnung der Mittelpunktsgleichung und des 
Radiusvektors in elliptischen Bahnen fiir Exzentrizitaétswinkel von 
0° bis 24°. (Verdffentlichungen des astronomischen Rechen-Instituts. 
Nr. 41.) Berlin, Diimmler, 1912. 8vo. 99 pp. M. 4.00 


Ricker (N. C.). A treatise on the design and construction of roofs. 
New York, Wiley, 1912. 8vo. 13+ 419 pp. Cloth. $5.00 


Ryan (W. T.). Design of electrical machinery. Volume 3: Alternators, 
synchronous Mangus rotary convertors. New York, Wiley, 1912. 
8vo. 7+ 129 $1.50 


Sansporn (F. B.). pone problems for engineering students. 3d 
edition. New York, Wiley, 1912. 8vo. 8+ 212 pp. Cloth. $1.50 


Scuirrner (F.). Grundziige der darstellenden Geometrie. Wien, Deu- 
ticke, 1912. 8vo. 3+ 64 pp. M. 1.25 


Scuorr (G. A.). Electromagnetic radiation and the mechanical reactions 
arising from it. (Adams prize essay of the University of Cambridge.) 
New York, Putnam, 1912. 4to. 22 + 330 pp. $5.75 


Turck (J.B.). Advanced system of phonography; making use of involute 
and evolute curved lines. Evanston, Ill., Correct English Publishing 
Co., 1912. 8vo. Cloth. $2.00 


Turi (S. M.). Elementary course in perspective. New York, Van 
Nostrand, 1912. 8vo. 81 pp. Cloth. $1.25 


Unwin (W. C.) and Metansy (A. L.). The elements of machine design. 
Part 2: Chiefly on engine details. New and revised edition. New 
York, Longmans, 1912. 8vo. 23 + 426 pp. Cloth. $2.50 


Waats (J. D. v. d.). Lehrbuch der Thermodynamik in ihrer Anwendung 
auf das Gleichgewicht von Systemen in gasférmig-fliissigen Phasen. 
Nach Vorlesungen bearbeitet von P. Kohnstamm. 2ter Teil. i 
zig, Barth, 1912. 8vo. 16 +646 pp. Cloth. M. 24.00 


